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PREFACE. 



The present work is constructed on the same plan as my 
treatise on Plane Trigonometry, to which it is intended aa a 
sequel; it contains all the propositions usually included under 
the head of Spherical Trigonometry, together with a large 
collection of examples for exercise. In the course of the work 
reference is made to preceding writers from whom assistance 
has been obtained; besides these writers I have consulted the 
treatises on Trigonometry by Lardner, Lefebure de Fourcy, 
and Snowball, and the treatise on Geometry published in the 
Library of Useful Knowledge. The examples have been 
chiefly selected from the University and College Examination 



Papers. ,.^^: 



In the account of NapicPifiJ^'^BSiles of Circular Parts an 
explanation has been given^^a method.pf proof devised by 
Napier, which seems to have^* wjen^^^rl^ by most modem 
writers on the subject. I have hact the advantage of access to 
an unprinted Memoir on this point by the late E. L. Ellis of 
Trinity College; Mr Ellis had in fact rediscovered for himself 
Napier's own method. For the use of this Memoir and for 
some valuable references on the subject I am indebted to the 
Dean of Ely. 

Considerable labour has been bestowed on the text in 
order to render it comprehensive and accurate, and the exam- 
ples have all been carefully verified; and thus I venture to 
hope that the work will be found useful by Students and 
Teachers. 

I. TODHUNTER. 

St. John's College, 
AugiiM 15, 1859. 
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SPHERICAL TRIGONOMETRY. 

I. GREAT AND SMALL CIRCLES. 

1. A SPHERE is a solid bounded by a surface every point of 
which is equally distant from a fixed point which is called the 
cerUre of the sphere. The straight line which joins any point of 
the surface with the centre is called a radius, A straight line 
drawn through the centre and terminated both ways by the surface 
is called a diameter, 

2. The section of the surface of a sphere made by any plane is 
a circle. 



Let AB be the section of th6 surface of a sphere made by any 
plane, the centre of the sphere. Draw OC perpendicular to the 
plane ; take any point D in the section and join ODy CD. Since 
OC is perpendicular to the plane, the angle OCD is a right angle ; 
therefore CD = J{OD^ - OC^), Now and C are fixed points, so 
that OC is constant ; and OD is constant, being the radius of the 
sphere; hence CD is constant. Thus all points in the plane section 
are equally distant firom the fixed point G; therefore the section 
is a circle of which C is the centre. 

3. The section of the surfiewe of a sphere by a plane is called 
a great circle if the plane passes through the centre of the sphere, 
and a small circle if the plane does not pass through the centre of 
the sphere. Thus the radius of a great circle is equal to the radius 
of the sphere. 

T. S. T. B 



2 GREAT AND SMALL CIKCLES. 

4. Throngh the centre of a sphere and any two points on the 
sur&ce a plane can be drawn; and only one plane can be drawn, 
except when the two points are the extremities of a diameter of 
the sphere, and then an infinite number of such planes can be 
drawn. Hence only one great circle can be drawn through two 
given points on the surface of a sphere, except when the points are 
the extremities of a diameter of the sphere. When only- one great 
'cirde can be drawn through two given points, the great circle is 
unequally divided at the two points; we shall for brevity speak of 
the shorter of the two arcs as tJie arc of a great circle joining the 
two points. 

5. The aada of any circle of a sphere is 4jhat diameter of the 
sphere which is perpendicular to the plane of the circle ; the ex- 
tremities of the axis are called the poles of the circle. The poles 
of a great circle are equally distant firom the plane of the- circle. 
The poles of a small circle are not equally distant from the plane 
of the circle; they may be called respectively the nea/rer and fur- 
ther pole; sometimes the nearer pole is for brevity called the pole. 

6. A pole of a cirde is equally distcmt from every point of the 
circumference of the circle. 




Let be the centre of the sphere, AB any circle of the sphere, 
C the centre of the circle, P and F' the poles of the circle. Take 
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V 

any point D in the circumference of the circle; join (72>, 02), PD. 
Then PD = J{P(? + CD^ ; and PC and (7i> are constant, therefore 
PD is constant. Suppose a great circle to pass through the points 
P and D] then the chord PD is constant, and therefore the arc of 
a great circle intercepted between P and JD is constant for all 
positions of D on the circle AB, 

Thus the distance of a pole of a circle from every point of the 
circumference of the circle is constant, whether that distance be 
measured by the straight line joining the points, ot by the arc of 
a great circle intercepted between the points. 

7. The angle subtended at the centre of a sphere hy the arc of a 
great circle which joins the poles of two greai drdes is eqtuU to the 
inclination of the pla/aes of the great circles. 




Let be the centre of the sphere, CDy CE the great circles in- 
tersecting in C, -4 and B the poles of CD and GE respectively. 

Draw a great circle through A and B, meeting CD and GE in 
M and N respectively. Then -40 is perpendicular to 00, which is 
a line in the plane OGD", and BO is perpendicular to OGj which is 
a line in the plane OGE', therefore OG is perpendicular to the 
plane AOB (Euclid, xi. 4); and therefore OG is perpendicular to 
the lines OM and ON, which are in the plane AOB. Hence 
MON is the angle of inclination of the planes OGD and OGE, 
And the angle AOB = AOM -- BOM =^ BON -- BOM := MON. 

B2 



4 GREAT AND SMALL CIRCLES. 

8. By the angle between two great circles is meant the angle 
of inclination of the pla/nea of the circles. Thus, in the figure of the 
preceding Article, the angle between the great circles CD and C£ 
is the angle MON, In the figure to Art. 6, since FO is perpen- 
dicular to the plane AGB^ every plane which contains PO is at 
right angles to the plane ACB, Hence the angle between any 
circle and a great circle which passes through its poles is a right 
angle. 

9. Two great cirdea bisect ea^h other. 

For since the plane of each great circle passes through the 
centre of the sphere, the line of intersection of these planes is a 
diameter of the sphere, and therefore also a diameter of each great 
circle ; therefore the great circles are bisected at the points where 
they meet. 

10. The arc of a great circle which is drawn from a 'pole of a 
great circle to a/ny point in its circvrnfercTice is a quadrant, and is 
at right angles to the cvrcumference. 




Let jP be a pole of the great circle ABC', the arc PA is a quad- 
rant and at right angles to ABC. 

For let be the centre of the sphere, and draw PO. Then 
PO is at right angles to the plane ABCy because P is the pole of 



GREAT AND SMALL CIRCLES. 5 

ABCf therefore PDA is a right angle, and the arc PA is a quad- 
rant. And because PO is at right angles to the plane ABC^ the 
angle between the planes PDA and ABC is a right angle; therefore 
the arc PA is at right angles to AC. 

11. If the a/rcs of great circles joining a point P on the surface 
of a sphere with two other poinds A and C on the surface of the 
sphere which are not at opposite extremities of a dia/meter he each of 
them equal to a quadrard^ T is a pole of the great circle through 
A and C. (See figure of preceding Article.) 

For suppose PA and PC to be quadrants and the centre of 
the sphere ; then since PA and PC are quadrants, the angles POC 
and PDA are right angles. Hence PO is at right angles to the 
plane AOCy and P is a pole of the great circle AC. 

12. Great circles which pass through the poles of a great 
circle are called secondaries to that circle. Thus, in the figure of 
Art. 7 the point (7 is a pole of ABMNy and therefore CM and CN 
are parts of secondaries to ABMN. Ajad the angle between CM 
and CN is measured by JfiV; that is, the angle between any two 
great circles is measwred by the arc they intercept on the great circle 
to which they are secondaries, 

13. If from a point on the surface of a sphere there can be 
drawn two a/rcs of greaJt circles^ not parts of the sa/me grea,t circle, 
which are at right angles to a given circle, that point is a pole of the 
circle. 

For, since the two arcs are at right angles to the given circle, 
the planes of these arcs are at right angles to the plane of the 
given circle, and therefore the line in which they intersect is per- 
pendicular to the plane of the given circle, and is therefore the 
axis of the given circle; hence the point from which the arcs are 
drawn is a pole of the circle. 



6 SPHERICAL TRIANGLES. 

14. To oompa/re the a/rc of a small cvrde avhtending cmy cmgle 
aJi the centre of the circle wUh the arc of a great cirde subtending 
the same angle cU Us centre. 




Let ah be the arc of a small circle, C the centre of the circle, 
P the pole of the circle, the centre of the sphere. Through F 
draw the great circles PaA and FbBy meeting the great circle 
of which P is a pole, in A and B respectively; draw (7a, (76, OA, 
OB. Then Ca, Cb, OA, OB are all perpendicular to OF, because the 
planes aCb and AOB are perpendicular to OF; therefore Ca is 
parallel to OA, and Cb is parallel to OB. Therefore the angle 
a(76 = the angle AOB (Euclid, xi. 10). Hence, 

i^k=S^^ ^^^"^ ^ru^onome^ry, Art. 18); . 

. , J. arc ab Ca Ca . ^^ 

therefore, t^ = 77^7 = 77- = sin FOa, 

arc AB OA Oa 



II. SPHERICAL TRIANGLES. 

15. Spherical Trigonometry investigates the relations which 
subsist between the angles of the plane faces which form a solid 
angle and the angles at which the plane faces are inclined to each 
other. 

16. Suppose that the angular point of a solid angle is made 
the centre of a sphere; then the planes which form the solid angle 
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will cut the sphere in arcs of 
formed on the surfsice of the 
Priomgle if it is bounded by th 
the case when the solid angle 
plane angles. If the solid ar 
more than three plane angles, 
surface of the sphere is boundc 
circles, and is called a spherical 

17. The three arcs of gr 
triangle are called the sides of 
formed by the arcs at the poii 
angles of the spherical triangle. 

18. Thus, let be the cen 
angle formed at by the m( 




AB, BC, CA be the arcs of gr( 
the sphere; then ABC is a sp 
BCf CA are its sides. Suppose 
AB^ and Ac the tangent at A 
drawn from A towa/rds B and < 
is one of the angles of the sp 
formed in like manner at B i 
spherical triangle. 

19. The principal part of ; 
consists of theorems relating to 
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necessary to obtain an accurate conception of a sph^cal triangle 
and its parts. 

It will be seen that what are called sides of a spherical 
triangle are really arcs of great circles, and these arcs are pro- 
portional to the three plane angles which form the solid angle 
corresponding to the spherical triangle. Thus, in the figure of 
the preceding Article, the arc AB forms one side of the spherical 
triangle ABC, and the plane angle AOB is measured by the frac- 

arc AB 
tion — v; — jyj > ^'^^ ^^^^ *^® ^^^ -^ ^ proportional to the angle 

AOB so long as we keep to the same sphere. 

The angles of a spherical triangle are the inclinations of the 
plane faces which form the solid angle; for since Ah and Ac are 
both perpendicular to 0-4, the angle hAc is the angle of inclination 
of the planes OAB and OAC, ^ 

20. The letters A, B, C .are generally used to denote the 
angles of a spherical triangle, and the letters a, by c are used to 
denote the sides. As in the case of plane triangles, A, B, and C 
may be used to denote the numerical values of the angles expressed 
in terms of any unit, provided we understand distinctly what the 
unit is. Thus, if the angle (7 be a right angle, we may say that 

IT 

(7=90®, or that CJ=ni according as we adopt for the unit a de- 
gree or the angle subtended at the centre by an arc equal to the 
radius. So also, as the sides of a spherical triangle are propor- 
tional to the angles subtended at the centre of the sphere, we 
may use a, 5, c to denote the numerical values of those angles 
in terms of any unit. We shall usually suppose both the angles 
and sides of a spherical triangle expressed in circular measure. 
(Fla/ne 2Hgonometri/y Art. 20.) 

21. In future, unless the contrary be distinctly stated, any 
arc drawn on the surface of a sphere will be supposed to be an arc 
of a great circle. 
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22. In spherical triangles each side is restricted to be less 
than a semicircle; this is of course a convention, and it is adopted 
because it is found convenient. 




Thus, in the figure, the arc ADEB is greater than a semicircle, 
and we might, if we pleased, consider ADEB, AC and BG as 
forming a triangle, having its angular points at A, B, and C. 
But we agree to exclude such triangles from our consideration; 
and the triangle having its angular points at A, B, and (7, will be 
understood to be that formed by AFB, BC and CA, 

23. From the restriction of the preceding Article it will 
follow that any angle of a spherical triangle is less than two right 
angles. 

For suppose a triangle formed by BG, CA and BEDA having 
the angle BCA greater than two right angles. Then suppose D 
to denote the point in which the arc BG, if produced, will meet 
AE ; then BED is a semicircle by Art. 9, and therefore BE A 
is greater than a semicircle; thus the proposed triangle is not one 
of those' which we consider. 
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III. SPHERICAL GEOMETRY. 

24. The relations between the sides and angles of a Spherical 
Triangle, which are investigated in treatises on Spherical Trigono- 
metry, are chiefly such as involve the Trigonometrical Functions 
of the sides and angles. Before proceeding to these, however, we 
shall collect, under the head of Spherical Geometry, some theorems 
which involve the sides and angles themselves, and not their trigo- 
nometrical ratios. 

25. Polar Triangle, Let ABC be any spherical triangle, and 
let the points A', B\ C be those poles of the arcs EC, CA, AB 




respectively which lie upon the same sides of them as the opposite 
angles A, S, C; then the triangle A'B'C is said to be the 'polar 
triangle of the triangle ABC. 

Since there are two poles for each side of a spherical triangle, 
eigh^ triangles can be formed having for their angular points poles 
of the sides of the given triangle; but there is only one triangle in 
which these poles A\ B\ C lie towards the same parts with the 
corresponding angles A^ B, C\ and this is the triangle which is 
known under the name of the pola/r triangle. 

The triangle ABC is called the ^primitive triangle with respect 
to the triangle A'BV\ 
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26. If one triangle be the polav* triangle of another y the loiter 
Vjill he the polar triatigle of the former. 

« 

Let ABC be any triangle, A'B^C the polar triangle; then ABC 
-wrill be the polar triangle of A'B'C. 




For since 5' is a pole of -4C, the arc AB' is a quadrant (Art. 
10); and since (7' is a pole of BA^ the arc AC is a quadrant; there- 
fore -4 is a pole of B^C (Art. 11). Also A and A! are on the same 
side of B'C \ for A and A* are by hypothesis on the same side of 
BCy therefore A* A is less than a quadrant ; and since ^ is a pole of 
B^C and A A' is less than a quadrant^ A and A' are on the same 
side of B'C\ 

Similarly it may be shewn that jS is a pole of OA'y luid that B 
and B^ are on the same side of C'A' \ also that C is a pole oiA'Bf, 
and that C and C are on the same side of A'B\ Thus ABC is the 
polar triangle of A!B'C'* 

27. The sides and angles of the polar triangle are respectively 
the supplements of the a/ngles and sides of the primitive triangle. 

For let the arc B'ffy produced if necessary, meet the arcs AB, 
ACy produced if necessary, in the points D and E respectively; 
then since ^ is a pole of B'C, the spherical angle A is measured by 
the arc DE (Art. 12). But B'E and CD are each quadrants; 
therefore DE and BfC are together equal to a semicircle; that is, 
the angle subtended by B^C at the centre of the sphere is the 
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supplement of the angle A, This we may express for shortness 
thus; B'C is the supplement of A, Similarly it may be shewn 
that G'A^ is the supplement of J5, and A'£' the supplement of C, 

And since ABC is the polar triangle of A'B'G% it follows that 
BC^ CA, AB are respectively the supplements of -4', -ff', C; that is, 
A\ B\G' are respectively the supplements of -5(7, CA^ AB. 

From these properties a primitive triangle and its polar tri- 
angle are sometimes called supplcTnental triangles. 

Thus, if -4, By C, a, b, c denote respectively the angles and sides 
of a spherical triangle all expressed in circular measure, and A\ 
B\ 6", a\ b\ c those of the polar triangle, we have 

il' = 7r — a, B^ = w^hy C = tt — c, 
a = IT — Ay 6' = TT — jB, c =^tc—G, 

28. The preceding result is of great importance; for if any 
general theorem be demonstrated with respect to the sides and 
angles of any spherical triangle it holds of course for the polar 
triangle also. Thus any such theorem will remain true when the 
angles are champed into the supplements of the corresponding sides 
and the sides into the supplements of the corresponding angles. We 
shall see several examples of this principle in the next chapter. 

29. Any two sides of a spherical Pria/ngle a/re together greater 
than the third side. (See fig. to Art. 18.) 

For any two of the three plane angles which form the solid 
angle at are together greater than the third (Euclid, xi. 20). 
Therefore any two of the arcs ABy BGy GAy are together greater 
than the third. 

. From this proposition it is obvious that any side of a spherical 
triangle is greater than the difference of the other two. 

30. The swm of the three sides of a spherical triangle is less 
than the drcumf&rence of a greai circle. (See fig. to Art. 18.) 



SPHERICAL GEOMETRY. 13 

For the sum of the three plane angles which form the solid 
angle at is less than four right angles (Euclid, xi. 21); therefore 

AB BC CA . . ^, ^ 

-yr-r + y^-p + -p^-r IS leSS thaU ZtT, 

OA UA OA 
therefore, AB + BG + (7.4 is less than 27r x OA ; 

that is, the sum of the arcs is less than the circumference of a 
great circle. 

31. The propositions contained in the preceding two Articles 
may be extended. Thus, if there be any polygon which has each 
of its angles less than two right angles, amy one side is less than the 
sum of all the others. This may be proved by repeated use of 
Art. 29. Suppose, for example, the figure has four sides, and let 
the angular points be denoted by Ay B^ (7, D, Then 

AB + BC is greater than AC; 
therefore, AB + BC + CD is greater than AC + CD, 
and d, fortiori greater than AD. 

Again, if there be any polygon which has each of its angles 
less than two right angles, the sum of its sides will he less them the 
circumference of a great circle. This follows from Euclid, xi. 21, 
in the manner shewn in Art 30. 

32. The three angles of a spherical triangle are together grea^r 
Hian two right angles amd less than six right angles. 

Let A, B, C be the angles of a spherical triangle ; let a', 6', c' 
be the sides of the polar triangle. Then by Aft. 30, 

a +b' -he is less than 2^, 

that is, ir-A + v — B + ir — Cia less than 27r ; 

therefore, A + B + C is greater than tt. 

And since each of the angles A, B, C is less than tt, the sum 
A -^ B + C is less than dir. 
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33. The angles at the base of an isosceles spherical triangle are 
equal. 




Let JJBC be a spherical triaDgle having AC = BC; let be the 
centre of the sphere. Draw tangents at the points A and B to the 
arcs AC and BC respectively; these will meet DC produced in the 
same point S, and AS will be equal to BS. 

Draw tangents AT, BT&t the points -4, ^ to the arc AB; then 
AT=TB; join TS, In the two triangles SAT, SBT the sides 
SA, AT, TS&re equal to SB, BT, TS respectively; therefore the 
angle SAT is equal to the angle SBT; and these are the angles at 
the base of the spherical triangle. 

The figure supposes AC and BC to be less than quadrants; if 
they are greater than quadrants the tangents to AC and BC will 
meet on GO produced through instead of through C, and the 
demonstration may be completed as before. If AC and BC are 
quadrants, the angles at the base are right angles by Arts. 8 
and 11. 

34. If two a/ngles of a spJierical triangle are equal, the opposite 
sides a/re equal. 

Since the primitive triangle has two equal angles, the polar 
triangle has two equal sides; therefore in the polar triangle the 
angles opposite the equal sides are equal by Art. 33. Hence in 
the primitive triangle the sides opposite the equal angles are 
equal 
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35. If one angle of a apherictd triangle be greater than ano- 
ther, the side opposite the greaier angle is greater than the side 
opposite the other. 




Let ABC be a spherical triangle, and let the angle ABC be 
greater than the angle BAC] then the side AG will be greater 
than the side BC At B make the angle ABD eqiial to the angle 
BAD', then BD is equal to AD (Art. 34), and BD + DC is greater 
than BG (Art. 29); therefore ^i> + i>C is greater than BC^ that 
is, AC is greater than BG. 

36. If one side of a spherical triangle he greater than another, 
the angle opposite the greater side is grea/ter tha/n the angle opposite 
the other. 

This follows from the preceding Article hj means of the polar 
triangle. 

Or thus; suppose the side AC greater than the side BG, then 
the angle ABC will be greater than the angle BAG. For the 
angle ABC cannot be less than the angle BAC by Art. 35, and 
the angle ABC cannot be equal to the angle BAG hj Art. 34 ; 
therefore the angle ABC must be greater than the angle BAG 
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lY. RELATIONS BETWEEN THE TRIGONOMETRICAL 
.FUNCTIONS OF THE SIDES AND ANGLES OF 
A SPHERICAL TRIANGLE. 

37. To express the cosine of an angle of a triangle in terms of 
sines and cosines of the sides. 




Let ABC be a spherical triangle, the centre of the sphere. 
Let the tangent at ^ to the arc AO meet 00 produced in ^, and 
let the tangent at ^ to the arc AB meet OB produced ia D; join 
£D. Thus the angle £AI) is the angle A of the spherical triangle, 
and the angle £0I> measures the side a. 

From the triangles ABB and OBB we have 

l)^ = Ajy + AJS'-'2AI).AE COB Ay 
BE^ = Oiy + OJS^- 201). OE COB a; 

also the angles OAB and OAE are right angles, so that 
OB' = OA' + AB" and OE'=OA' + AE'. Hence by subtraction 
we have 

0=2OA' + 2AB.AE coBA-20B.0Eco8a; 
, , OA OA AE AB 

therefore, "^""^ W OB^ OE OB ''''^'^'> 

that is, cos a = cos b cos e + sin 6 sin c cos il. 

Hence cob A is expressed as reqidred. 
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38. We have supposed, in the construction of the preceding 
article, that the sides which contain the angle A are less than 
quadrants, for we have assumed that the tangents at A meet OB 
and 00 respectively produced. We must now shew that the 
formula obtained is true when these sides are not less than quad- 
rants. This we shall do by special examination of the cases in 
which one side or each side is greater than a quadrant or equal 
to a quadrant. 

(1) Suppose only one of the sides greater than a quadrant, 
for example, AB, Produce BA and BO to meet in B"; and put 
AB'=c\CB' = a\ 



Then we have from the triangle AB'C, by what has he&x 
already proved, 

cos a = cos 6 cos c' + sin 6 sin c cos B'AO ; 

but a' = 'jr—a, c^v-Cy B'AO =7r — A; thus 

cos a = cos b cos c + sin b sin c cos A. 

(2) Suppose both the sides which contain the angle A to be 
greater than quadrants. Produce AB and AO to meet in A'; put 
A'B = c', AV= V'y then from the. triangle ABO^ as before, 




cos a = cos V cos c + sin V sin c cos A'\ 
but b'^TT-b, c^TT-c, A = A; thus, 

cos a = cos 6 cos c + sin 6 sin c cos X 

T. S. T. 



18 RELATIONS BETWEEN THE TRIGONOMETRICAL FUNCTIONS 

(3) Suppose that one of the sides which contain the angle A 
is a quadrant^ for example, AB ; on AC, produced if necessary, 





take AB equal to a quadrant and draw BD. If BD is a quadrant 
^ is a pole of AC (Art. 11) ; in this case a = « and -4 = ^ as well 

as c = ^ . Thus the formula to be verified reduces to the identity 

= 0. If BB be not a quadrant, the triangle BDC givea 
cos a = cos CD cos BB + sin CD sin BD cos CBB, 

and cosCJ)B=Oy cos(7Z> = cos f ^-ftj = sui6, cos ^i> = cos it ; 

thus cos a = sin & cos ^ ; 



w 



and this is what the formula in Art. 37 becomes when c = ^ . 

(4) Suppose that both the sides which contain the angle A 
are quadrants. The formula then becomes cos a = cos ^ ; and this 
is obviously true, for A is now the pole of BOy and thus A=a, 

Thus the formula in Art. 37 is proved to be universally true. 

39. The formula in Art. 37 may be applied to express the 
cosine of any angle of a triangle in terms of sines and cosines of 
the sides ; thus we have the three formulae, 

cos a = cos b cos c + sin b sin c cos A, 
cos b = cos c cos a + sin c sin a cos B, 
cos c = cos a cos b + sin a sin b cos (7. 
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These may be considered as the fundamental equations of Spheri- 
cal Trigonometry; we shall proceed to deduce various formulie 
from them. 

40. To eocpreas the sine of an cmgle of a sphericdl triangle, 

cos a — cos b cos c 



We have cos A = 



sin & sin c ' 
cos a — cos h cos c\' 



. /cos a - cos 6 cos c\ 

therefore sm A = \ — [ : — i— ; ) 

\ sm 6 sm c / 

(1 — cos' 6)(1 — cos' c) — (cos g — cos 6 cos c)^ 
~ sin* h sin' c 

1 — cos'a — cos'6 — cos'c + 2 cos a cos h cos c 

sm sm c 

.- ^ , . ^(1— cos'a— cos' 6— cos*c+ 2 cos a cos 6 cose) 

therefore sm -4 = ^^^ 1 — i— ; . 

smo sine 

The radical on the right-hand side must be taken with the posi 
tive sign, because sin 5, sin e, and sin A are all positive. 

41. From the value of sin A in the preceding article it fol- 
lows that 

sin -4 __ sin jB _ sin 
sina""sin6'~sinc' 

for each of these is equal to the same expression, namely, 

,y(l — cos* a — cos' h — cos* c + 2 cos a cos h cos c) 

sin a sin h sin c 

Thus the dnes of the ambles of a »ph/eTvcal triangle a/re proportional 
to the sines of the opposite sides. We will give an independent 
proof of this proposition in the following article. 

42. The sines of the a/ngles of a spherical triangle are propor- 
tional to the sines of ike opposite sides, 

c2 
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Let ABG be a spherical triangle, the centre of the sphere. 
Take any point P in OA^ draw PD perpendicular to the plane 




BOC, and from D draw DE, DF perpendicular to OB, 00 respec- 
tively; join PE, PF, OB, 

Since PB is perpendicular to the plane BOG, it is perpendi- 
cular to every line in that plane; hence 

PF^ = PB^ + BE^ = PO^ - OB^+BE^ = PO'-OE^ ; 

thus PEG is a right angle. Therefore PE= OP smPOE= OP sine; 
and PB = PE sinPEB = PE sin5 = OP sine sin B. 

Similarly, PB = OP sin 6 sin (7 ; therefore 

OP sin c sin -S = OP sin5 sin (7; 

., - sinjB sin 6 

therefore -: — ^ = — — . 

sm sm c 

The figure supposes b, c, B, and G all less than a right angle; 
it will be found on examination that the proof will hold when the 
figure is modified to meet any case which can occur. If, for 
instance, B alone is greater than a right angle, the point 2> will 
fall beyond OB instead of between OB and OG; then PED will 
be the auppleTnent of B, and thus sin PEB is still equal to sin B, 

43. To prove tliat cot a sin 6 = cot A sin (7 + cos 6 cos C. 
Wgg ha^e cos a = cos h cos c + sin h sin c oo&Ay 
cos c = cos a cos h + sin a sin h cos (7, 

'^f" . . sin (7 




»■?%-:: 



sm c = sin a 



emA ' 
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Substitute the values of cos c and sin e in the first equation j 

thus 

, , . . , --V , sin a sin & cos A sin C 
cos a = (cos a cos 6 + sin a sin 6 cos C) cos o + ; — :; : 

^ ^ smA ' 

by transposition 

cos a sin^ 5 = sin a sin 5 cos b cos C + sin a sin 6 cot A sin C ; 
divide by sin a sin & ; thus 

cot a sin 5 = cos b cos C + cot A sin C 

44. By interchanging the letters five other formuhe may be 
obtained like that in the preceding article ; the whole six formulse 
will be as follows : 

cot a sin 5 = cot A sin 0+ cos b cos C, 
cot b sin a Bcot B sin (7 + cos a cos C, 
cot 5 sin c = cot J? sin -4 + cos c cos A, 
cot c sin b = cot C sin A + cos b cos -4, 
cot c sin a = cot G sin ^ + cos a cos j?, 
cot a sin c = cot ^ sin -ff + cos c cos -S. 

45. To depress the sine, cosine, and tangent, of half an angle 
of a triangle a^ /unctions o/tJie sides. 

cos a — cos b cos c 



We have, by Art. 37, cos A = 



sin & sin c 



,, ^ - , - cos a — cos 6 cos c cos (6 — c) — cos a 

therefore 1 — cos -4 = 1 ; — ^—. = — ^. , . : 

sm sin c sm 6 sin c 

therefore ^,^^^^Li(^±t;A^^(^:±tA, 

2 Sin 6 sin c 

Let 2s = a-hb-hc, so that « is half the sum of the sides of 
the triangle; then 

a-^b-c = 2s-'2c = 2{s-c), a - 6 + c = 2« - 26 = 2 (« - 6) ; 

^, . fA mi(s~b) sin (s — c) 

thus sm'-jr= ' T - -9 

2 sm b sm c 
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. , . A /fain (s - b) sin (s — c)) 

and sm-5 = ^/-^ - L - -[- 

2 V I Bin6 sine j 

. , , . - cos a — cos b cos c cos a - cos (6 + c) 

Also. 1 + cos A = l-\ ; — r--^ = ; — j—r^ ~ I 

Bin 6 sin c sin 6 sin c 

therefore 

J A sia ^ (a + b + c) an i (b + c - a) _ sin g sin (g - a) 

.cos TT — • T • — • 7 • J 

2 sin 6 sin c sin 6 sin c 

and cos'*^ /[ si^fsin(^-«) ) 

5 V \ sin 6 sine j' 

From the expressions for sin -^ and cos -^ we deduce 

^ V V sm « sin (« - a) j 

The positive sign must be given to the radicals which occur in 
this article, because ^ is less than a right angle, and therefore its 
sine, cosine, and tangent are all positive. 

A A 
46. Since sin il = 2 sin -^ cos -5- , we obtain 

sin -4 = -r— r-r— {sin«8in(«-a) sin(«-6) sin(«-c)}*. 
sin 6 sm c ^ 

It may be shewn that the expression for sin il in Art. 40 
agrees with the present by putting the numerator of that expres- 
sion in fiictors, as in Flarve Trigonometry , Art 115. We shall 
find it convenient to use a symbol for the radical in the value of 
sin il ; we shall denote it by n^ so that 

w' = sin « sin (» - a) sin (« — 6) sin (« - c), 
and 4 w' = 1 - cos* a - cos* b - cos" c + 2cosacos6coBc. 
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47. To express the cosine of a side of a triangle in terms of 
sines and cosines of the angles. 

In the formula of Art. 37 we may, by Art. 28, chaage the 
sides into the supplements of the corresponding angles and the 
angle into the supplement of the corresponding side; thus 

cos (tt -A) = cos (ir - jB) cos(ir - C)+ sin (ir -B) sin {ir-C) cos (ir-a), 
that is, cos A = — coaB cos (7 + sin ^ sin (7 cos a. 

Similarly cos -ff = - cos cos ii + sin (7 sin -4 cos 6, 
and cos G = — cosA cos ^ + sin ii sin j? cos c. 

48. The formulsB in Art. 44 will of course remain true when 
the angles and sides are changed into the supplements of the cor- 
responding sides and angles respectively; it will be found, how- 
ever, that no new formulse are thus obtained, but only the same 
formtdse over again. This consideration will furnish some assist- 
ance in retaining those formulae accurately in the memory. 

49. To eocpress the sine, cosine, and tam^efnly of half a side of a 
triangle as functions of the angles, 

-rrri- v A_xi^ COS-i+COS-ScOsO 

We have, by Art 47, cos a = ; — =— : — t, ; 

•^ smjD sinC; 

therefore 

- ^ cos A + cos B cos C cos -4 + cos (B + (7) 

1 — cos a = 1 : — 5—; — Yi = ^ — p . /> — - ; 

sin B sm G sin B sin G 

therefore ^.<i^_^<^\{^^B^G)^^{B^G- A) 

Z smB amC 

Jjet2S=:A+B+C; then B + C -A = 2{S- A\ therefore 

. J a _^ cos aS' cos (S - A) 
^ 2" sin^sinC ' 

and 8in^= / ( cos S cos (S - A) )^ 

. ^2 Vl sin^sinC J* 
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. , , , COS A -hcosB cos cos A + cos (B — C) 

Also 1 + cos a = 1 + ; — p . ^ = -, — D . ^ — ^ ; 

sm -o sin V sin -a sin (7 

therefore 

,a_^ cos^(^-^ + C)cos^(^ + ^-C) _ cos(6^-^)cos(^~g) 
2 ~^ sin B sin (7 sin -5 sin G ' 

Hence tan^ = ^ |- co8(^-^)cos(^-g) j- 

The positive sign must be given to the radicals which occur in 
this article, because ^ is less than a right angle. 

50. The expressions in the preceding article may also be 
obtained immediately from those given in Art. 45 by means of 

Art. 28. 

It may be remarked that the values of sin - , cos — , and tan- 

J ^ 2 

are real. For S is greater than one right angle and less than three 

right angles by Art. 32 ; therefore cos S is negative. And in the 

polar triangle any side is less than the sum of the other two ; thus 

TT-A is less than ir-^ + ir-(7; therefore jB + (7 - -4 is less than 

TT ; therefore S-Aia less than ^, and B + C-A is algebraically 

greater than — ir, so that S—Ai& algebraically greater than — -; 

therefore cos(^-J) is positive. Similarly also coa{S—B) and 

cos (/S" - 0) are positive. Hence the values of sin ^ , cos ^ , and tan - 

^2 2 

are real. 

51. Since sin a = 2 sin ^ cos ^ , we obtain 

2 
^^^" sin^smC" ^^ ^^^ ^ ^^® (^^-'^) ^« ('^- ^) ^s {S -~ C)}h, 

We shall use N for {- cos S qoi&{S-A) cos {S -B) cos {S — C)} J. 



OF THE SIDES AND ANGL 

52. To prove ^apier^s 

__ - sin -4 

We have -; = 

sin a 

then, by a theorem of Algeb: 

sin 
sin 

and also m=— :— 

sin 

Now cos -4 + cos J? cos C = si 
and cos jB + cos -4 cos C = si 
therefore, by addition, 

. (cos il + cos jB) (1 4- cos C 
therefore by (1) we have 

sin A + sin B _ 
cos ^ + cos B 

that is, tan ^(A + B) 

Similarly from (3) and (2 

sin A —amB_ 
cos A + cos B ~" 

that is, tan ^(A-B) 

By writing ir — A for a, <i 
tan ^(a-hb) - 

tan ^{a — b) = 

The formulse (4), (5), (6), 
portions or analogies, and ar 
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Analogies ; the last two may be proved without recurring to the 
polar triangle by starting with the formulae in Art. 39. 

53. In equation (4) of the preceding article, cos {a — h) and 

C . . '. 

cot ^ are necessarily positive quantities ; hence the equation 

shews that tan \{A-¥ B) and cos ^ (a + &) are of the same sign ; 
thus \ {A + B) and ^ (a + &) are either both less than a right angle 
or both greater than a right angle. This is expressed by saying 
that ^ (il + jB) and ^ (a + 6) a/re of the same affection. 

54. To prove GauBis Theorems, 

We have cos c = cos a cos 6 + sin a sin 6 cos C\ therefore, 
1 + cos c = 1 + cos a cos 6 + sin a sin & (cos' \ C— sin' ^C) 

= {1 +cos(a-6)} cos'i(7 + {l + cos (a + 5)} sin' \G\ 
therefore cos' ^ c = cos' ^ (a — 6) (Jos' i C + cos' i (a + ft) sin' \G, 
Similarly, sin' \c- sin' ^ (a - ft) cos' \G -¥ sin* J (<» + ft) sin' \G, 

Now add unity to the square of each member of Kapier^s first 
two analogies ; hence by the formulsB just proved 

Extract the square roots ; thus, since \{A-\- B^ and \ (a + ft) 
are of the same affection, we obtain 

cos ^{A + B) cos ^c =cos ^(a + ft) sin ^(7 (1), 

cos ^ (ii - ^) sin ^ c = sin 5 (a + ft) sin ^0 (2). 

Multiply the first two of Napier's analogies respectively by 
these results ; thus 

sin ^ (j4 + j5) cos ^ c = cos ^ (a - ft) cos ^ (3), 

sin ^ (ii - j5) sin ^ c = sin J (a - ft) cos ^C (4). 
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The last four formuke are called Gomss^a Theorems, although 
they are really due to Delambre. 

55. The properties of supplemental triangles were proved 
geometrically in Art 27, and by means of these properties the 
formulae in Art 47 were obtained; but these formulae may be 
deduced analytically from those in Art. 39, and thus the whole 
subject may be made to depend upon the formulae of Art 39. 

For from Art 39 we obtain expressions for cosil, cosjS, cos (7; 
and from these we find 

cos A + cos -ff cos (7 

_ (cos a — cos 6 cos c) sin' a + (cos 6 — cos a cosc)(cosc— cosacosft) 

sin' a sin h sin c 

In the numerator of this fraction write 1 — cos' a for sin' a ; thus 
the numerator will be found to reduce to 

COS a (1 ~ cos' a — cos* h — cos' c + 2 cos a cos h cos c) 

and this is equal to cos a sin jS sin (7 sin' a sin 6 sin c, (Art 41); 

therefore cos A + cos jS cos (7 = cos a sin ^ sin G, 

Similarly the other two corresponding formulae may be proved. 

Thus the formulae in Art. 47 are established; and therefore, 
without assuming the existence and properties of the Polar Tri- 
angle, we deduce the following theorem : — If the aides and cmgles 
of a spherical triangle he changed respectively into the supplements 
of ike corresponding a/ngles and sides the fundamental form/uke of 
Art. 39 hold goody amd therefore also all results dedv^le from 
ih&m, 

56. The formulae in the present chapter may be applied to 
establish analytically various propositions respecting spherical tri- 
angles which either have been proved geometrically in the pre- 
ceding chapter, or may be so proved Thus, for example, the 
second of Napier's analogies is 

i^KA jDx sin^(a~5) (7. 
*^*^^-^)-8ini(a + 6)^''*2' 
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this shews that ^{A—J9t) is positive, negative, or zero, according as 
^(a — ft) is positive, negative, or zero; thus we obtain all the re- 
sults included in Arts. 33 — 36. 

57. If two triangles luive two sides of ike one eqwd to two 
sides of tJie other, each to ea^h, a/nd likewise the included a/ngUs 
equal^ then their other angles will he equal, each to ea^h, and like- 
wise their bases will he equal. 

We may shew that the bases are equal by applying the first 
formula in Art. 39 to each triangle, supposing ft, c, and A the 
same in the two triangles; then the remaining two formulae of 
Art. 39 will shew that B and C are the same in the two triangles. 

It should be observed that the two triangles in this case are 
w>t necessarily such that one may be made to coincide toith the 
other hy superposition. The sides of one may be equal to those of 
the other, each to each, but in a reverse order, as in the following 
figures. 





Two triangles which are equal in this manner are said to be 
symmetrically equal ; when they are equal so as to admit of super- 
position they are said to be absolutely equal. 

5^, If tvx) spherical triangles have two sides of the one equal U> 
two sides of the other, each to each, hut the amgle which is contained 
hy the ttvo sides of the one greater than the an^le which is contain£d 
hy the two sides which a/re equal to them of the other, the hose of that 



OP THE SIDES AND ANGLES OF A SPHEEICAL TRIANGLE. 29 

which has the greater cmgle will he greater titan tJie base of the 
other; a/nd conversely. 

Let h and c denote the sides which are equal in the two tri- 
angles; let a be the base and A the opposite angle of one triangle, 
and a' and A' similar quantities for the other. Then 

cos a = cos h cos c + sin h sin c cos -4, 
cos a'= cos h cos c + sin h sin c cos A' ; 

therefore cos a — cos a = sin 5 sin c (cos A — cos A') ; 

that is, 

8in^(a + a') sin ^(a- a) = sin 5 sine aiai(A + A') sm^{A'- A'); 

this shews that ^(a — a") and i(A — A') are of the same sign. 

59. If on a sphere any pomt he taken toithin a circle which 
is not its pole, of all the a/rcs which can he drawn from that point 
to the drcvmfererice, tlie greatest is thai; in which the pole is, cmd the 
other part of that produced is the least; and of any others, thai which 
is nea/rer to the greatest is always greater than one more remote; a/nd 

frorth the saane point to the circumference there can he drawn only 
two arcs which are equal to each other, and these make equal a/ngles 
with the shortest arc on opposite sides of it. 

This follows readily from the preceding three articles. 

60. We will give another proof of the fundamental formulae 
in Art. 39, which is very simple, requiring only a knowledge of 
the elements of Co-ordinate Geometry. 

Suppose ABC any spherical triangle, the centre of the 
sphere; take as the origin of co-ordinates, and let the axis of z 
pass through G. Let x^, y^, z^ be the co-ordinates of A, and x^, 
y,, z^ those of B, r the radius of the sphere. Then the square of 
the straight line AB is equal to 

{x^ - » J' + (y^ - y;f + {z^ - z^f, 

and also to r* + r' — 2r* cos AOB ; 



30 RELATIONS BETWEEN THE TKIGONOMETBICAL FUNCTIONS 

and aj/+yj' + «j' = r', a5/ + y/ + «/= r'; thus 

Now make the usual substitutions in passing from rectangular 
to polar co-ordinates, namely, 

«j -r costfj, x^ = r sintf^ cos^j, y^ = r sintf, sin ^j, 
«, = rcos^,, a?j = r sintfj, cos^,, y^ = r sin tf ^ sin ^^ ; 

thus we obtain 

cos $^ cos tf J + sin 0^ sin tf ^ cos (^^ - ^J = cos AOB, 
that is, in the ordinary notation of Spherical Trigonometry, 

cos a cos 5 + sin a sin & cos C = cos c. 

This method has the advantage of giving a perfectly general 
proof, as all the equations used are universally true. 



EXAMPLES. 



1. 1£ A =aj shew that JB and b are equal or supplemental, as 
also C and c. 

2. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point 
from the opposite angle. 

3. When does the polar triangle coincide with the primitive 
triangle? 

4. JfDhe the middle point of AB, shew that 

cos -40 + coaBC= 2 cos ^.iJ? cos CD, 

5. K two angles of a spherical triangle be respectively equal 
to the sides opposite to them, prove that the remaining side is the 
supplement of the remaining angle; or else that the triangle has 
two quadrants and two right angles, and then the remaining side 
is equal to the remaining angle. 
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a A 

6. In an equilateral triangle, prove that 2 cos ^ sin -^ = 1. 

7. In an equilateral triangle, prove that tan* 3-= 1 — 2 cos A \ 

hence deduce the limits between which the sides and angles of an 
equilateral triangle are restricted. 

8. In an equilateral triangle,' prove that sec il = 1 + sec a. 

9. If the three sides of a spherical triangle be halved and 

h c 

a new triangle formed, the angle $ between the new sides -5 and ^ 

b c 
is given by cos tf = cos ii + ^ tan ^ tan ^ sin*^. 

10. ABy CD are quadrants on the surface of a sphere inter- 
secting in JS, the extremities being joined by great circles ; prove 

that 

cos ABC = cos AG cos BD - cos BC cos AD. 

11. If 5 4- c = TT, prove that sin 2B + sin 2C = 0. 

12. If JDB be an arc of a great circle bisecting the aides AB, 
AC oi B, spherical triangle in D and j^, P a pole of DH, and FB, 
FDy FJS, FC be joined by arcs of great circles, shew that the angle 
BFC = twice the angle DFE, 

13. Shew that 

sin b sin c + cos b cos c cos A = sin B sin C — cos B cos C cos a, 

14. If jD be any point in the side BC of a triangle^ shew that 
COS AD mi BC = cos AB sin DC + cos AC sin BD. 

15. Prove that if ^, ^, i/r be the lengths of arcs of great circles 
drawn from A, B, C perpendicular to the opposite sides, 

sinasin^ = sin6sini^ = sincsini/r 

= ,^(1 — cos'a — coB*6 - cos'c + 2 cos a cos b cos c). 



32 SOLUTION OP RIGHT-ANGLED TRIANGLES. 

16. In a spherical triangle, if $, *<^, if/ be the arcs bisecting the 
angles A, £, C respectively and terminated by the opposite sides, 
shew that 

ABC 
cot cos ^ + cot ^ cos -^ + cot i/r cos ^ = cot a + cot b + cot c. 

17. Two ports are in the same parallel of latitude, their com- 
mon latitude being I and their .difference of longitude 2X; shew 
that the saving of distance in sailing from one to the other on the 
great circle, instead of sailing due East or West, is 

2r {A. cos / — sin"* (sin A. cos Q}, 

X being expressed in circular measure, and r being the radius of 
the EartL 

18. If a ship be proceeding uniformly along a great circle and 
the observed latitudes be l^, l^, l^y at equal intervals of time, in 
each of which the distance traversed is «, shew that 

sin^^ ' 

r denoting the Earth's radius; and shew that the change of longi- 
tude may also be found in terms of the three latitudes. 



V. SOLUTION OF RIGHT-ANGLED TRIANGLES. 

61. In every spherical triangle there are six elements, namely, 
the three sides and the three angles, besides the radius of the 
sphere, which is supposed constant. The solution of spherical tri- 
angles is the process by which, when the values of a sufficient 
nimiber of the six elements are given, we calculate the values of 
the remaining elements. It will appear, as we proceed, that when 
the values of three of the elements are given, those of the remain- 
ing three can generally be found. We begin with the right-angled 
triangle ; here two elements, in addition to the right angle, will be 
supposed known. 
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62. The formulse requis 
triangles may be obtained £ 
potdng one of the angles a i 
may also be obtained yery c 
we will now shew. 




Let ABC be a spherical * 
let be the centre of the sph 
PM perpendicular to 0(7, anc 
OJ?, and join PiV; Then PJ/ 
plane AOG is perpendicular tc 

PN* = P]\P + MN* = OP^ - 

therefore PNO is a right ang] 

ON _ ON OM 
OP'OM'~OP' * 

Pi£_PM PN 
OP^TN' OP' 

Similarly 

MN_^MN PN 
ON" PN'ON' ^* 

Similarly 

PMPM MN 
OM" MNOM' 

Similarly 

T.S.T, 
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Multiply together the two formiiUe (4) ; thus, 

-, tan a tan 6 ' 1 1 , . 

tan -4 tan^= -; t—t = t = by (1): 

sin a sin cos a cos b cos c -^ ^ ^ ' 

therefore cos c = cot 4 cot jB (5). 

Multiply crosswise the second formula in (2) and the first 
in (3) ; thus sin a cos jS tan c = tan a sin ^ sin c ; 

sin ^ cos c 

therefore cos B = = sin ^ cos 5 by (1), 

cos a ^ \ / 

thus cos J5 = sin 4 cos h) .^. 

Similarly cos 4 = sin B cos aj ^ '* 

These six formulse comprise ten equations; and thus we can 
solve every case of right-angled triangles. For every one of these 
ten equations is a distinct combination involving three out of the 
five quantities a,bfCfA,B; and out of five quantities only ten 
combinations of three can be formed. Thus any two of the five 
quantities being given and a third required, some one of the pre- 
ceding ten equations will serve to determine that third quantity. 

63. As we have stated, the above six formulae may be ob- 
tained from those given in the preceding chapter by supposing C a 
right angle. Thus (1) follows from Art. 39, (2) from Art. 41, 
(3) from the fourth and fifth equations of Art. 44, (4) from the 
first and second equations of Art. 44, (5) from the third equation 
of Art. 47, (6) from the first and second equations of Art. 47. 

Since the six formulae may be obtained from those given in 
the preceding chapter which have been proved to be universally 
true, we do not stop to shew that the demonstration of Art. 62 
may be applied to every case which can occur ; the student may 
for exercise investigate the modifications which will be necessary 
when we suppose one or more of the quantities a, 5, <;, A, B equal 
to a right angle or greater jbhan a right angle. 
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64. Certain properties of right-angled triangles are deducible 
from the fbrmulse of Art 62. 

From (1) it follows that cos c has the same sign as the product 
cos a cos h ; hence either all the cosines are positive, or else only 
one is positive. Therefore in a right-angled tricmgle either all the 
three sides a/re less than qtutdrants, or else one side is less than a 
quadflranJt and the other two sides are greater tha/n qtuidra/nts. 

From (4) it follows that tan a has the same sign as tan J. 
Therefore A and a are either both greater than ^ , or both less 

JU 

than ■^; this is expressed by saying that A and a are of the same 
ajection, Simila^y B and b are of the same affection. 

65. The formulse of Art. 62 are comprised in the following 
enunciations, which the student will find it useful to remember; 
the results are distinguished by the same numbers as have been 
already applied to them in Art. 62 ; the side opposite the right 
angle is called the hypothenv^e:* 

Cos hyp = product of cosines of sides (1), 

Cos hyp = product of cotangents of angles (5), 

Sine side = sine of opposite angle x sine hyp (2), 

Tan side = tan hyp x cos included angle (3), 

Tan side = tan opposite angle x sine of other side (4), 

Cos angle = cos opposite side x sine of other angle (6). 

66. I^apier^s Hides, The formulae of Art. 62 are comprised 
in two rules, which are called, from their inventor, Napier^s Rules 
of Circular Farts, Napier was also the inventor of Logarithms, 
and the Bules of Circular Parts were first published by him in a 

work entitled Mirifid Logarithmomm Canonis Descriptio 

Edinburgh, 1614. These rules we will now explain. 

d2 
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The right angle is 1^ out of oonsideration; the two sides 
which include the right angle^ the complement of the hypothenuse, 
and the complements of the other angles are called the drcida/r 




pa/rt8 of the triangle. Thus there are five circular parts, namely, 

TT IT IT 

a, 6, ^ - -4, H - <J> 1 ~ "^ ^ *^^ these are supposed to be ranged 

round a circle in the order in which they naturally occur with 
reqpeot to the triangle. 

Any one of the five parts may be selected and called the 
middle pa/rtf then the two parts next to it are called acljacent 
porta, and the remaining two parts are called opposite pa/rta. Eor 

IT 

example, if ^ — jS is selected as the middle part, then the adjacent 

parts are a and q -<;, and the opposite parts are h and ji — A, 

Then Napier's Rules are the following : 
sine of the middle part = product of tangents of adjacent parts^ 
sine of the middle part = product of cosines of opposite parts. 

67. Napier's Eules may be proved by shewing that they 
agree with ^e results already established. The following table 
shews the required agreement : in the first column are given the 
middle pa/rts, in the second column the results of Napier's Rules, 
and in the third column the same results expressed as in Art. 62, 
with the number for reference used in that article. 
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sin ( ^ - c J = cos a coi 
-K—B sin r^ — ^j = tana ta 



sin 1 7T - jff I = cos 6 cc 



dng-^) = 



a sin a = tan & ta 



sin a == cos 



sin 5 = tan 



sin & = cos 



(i- 

0- 
(f- 



•^-A sinf^ — -4]= tan b tai 






sin I ^ - -dj = cos a co 

The last four cases need 
that they are only repetitio: 
the seventh and eighth are 
the ninth and tenth of the t 

68. It has been some 
preceding article is the onl; 
proved; this statement, ho^ 
method Napier himself indi 
Mirifid Loga/nihrworwm, Ca/i 
will now briefly explain : 
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1 




Let ABC be a spherical triangle right-angled at (7; with 
as pole describe a great circle DEFGy and with A as pole descril 
a great circle HFKL, and produce the sides of the original triang 
ABC to meet these great circles. Then since Bis 9k pole of DEJB 
the angles at D and G are right angles, and since ^ is a pole 
B.FKL the angles at H and L are right angles. Hence the fi^ 
triangles BAG, AEJD, EFH, FKG, KBL are all rightHmgled; az 
moreover it will be found on examination that, although the el 
ments of these triangles are different, yet their cvrcvla/r pa/rts a 
the 8wme, We will consider, for example, the triangle AEB ; tl 
angle EAD is equal to the angle BAG \ the side AID is the coi 
plement oiAB\ as the angles at G and G are right angles E is 
pole of GG (Art. 13), therefore EA is the complement of -4(7; i 
jS is a pole of BE the angle BED is a right angle, therefore tl 
angle AED is the complement of the angle BEG^ that is, tl 
angle AEB is the complement of the side BG (Art 12); and sin: 
larly the side BE is equal to the angle BBE, and is therefore t] 
complement of the angle ABG, Hence, if we denote the elemen 
of the triangle ABG as usual by a, 5, c, A, B, we have in t] 

triangle AEB the hypothenuse equal to o""^> ^® angles equal 

* IT 

A and h ~~ ^> ^^<^ ^^® ^d&a respectively opposite these angles equ 
to ^ - jB and « - <?. The cvrcvita/r p(vrt8 of A EB are therefore tl 
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same as those of ABC, Similarly the remaining three of the five 
right-angled triangles may be shewn to have the same circular 
parts as the triangle ABC has. 

Now take tvx> of the theorems in Art 65, for example (1) and 
(3) ; then the truth of the ten cases comprised in Napier's Bules will 
be found to follow from applying the two theorems in succession 
to the five triangles formed in the preceding figure. Thus this 
method of considering Napier's Bules regards each Bule, not as the 
statement of dissimilar properties of one triangle, but as the state- 
ment of similar properties of five allied triangles. 

69. In Napier's work a figure is given of which that in the 
preceding Article is a copy, except that different letters are used ; 
Napier briefly intimates that the truth of the Rules can be easily 
seen by means of this figure, as well as by the method of induction 
from consideration of all the cases which can occur. The late 
T. S. Davies, in his edition of Dr Hutton's Cot^rse of MatheTncUica, 
drew attention to Napier's own views and expanded the demon- 
stration by a systematic examination of the figure of the preceding 
article. It is however easy to evade the necessity of examining 
the whole figure; all that is wanted is to observe the connexion 
between the triangle AJED and the triangle BAG, For let a^, a,, 
%9 a^, a^ represent the elements of the triangle BAG taken in 
order, beginning with the hypothenuse and omitting the right 
angle; then the elements of the triangle AUD taken in order, 
beginning with the hypothenuse and omitting the right angle, are 

9 ~ ^8» ? - '*4» 9 " ^6» 9 "" ^1 » *^^ ^a' ^^> therefore, to characterise 
the former we introduce a new set of quantities Pi9 p^f p^j P^i P^y 

IT 

such that aj +jPj = a, + jo^, = a^ +/>4 = o> *^^ *^** Pz = % ^^^ P^-^a^ 

then the original triangle being characterised by p^, Pg, p^y p^t P^i 
the second triangle will be characterised by p^, p^y p^^ p^j Pa* -^^ 
the second triangle can give rise to a third in like manner, and so 
on^ we see that every right-angled triangle is one of a system of 
five such triangles which are all characterised by the quantities 
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Pi9 Pv P%9 Pv Pay ^'^^^y^ takeai in order, each quantity in its turn 
standing first. 

70. Opinions have differed with respect to the utUUy of 
Napier's Bules in practica Thus Woodhouse says, '' In the whole 
compass of mathematical science there cannot be found, perhaps, 
rules which more completely attain that which is the proper 
object of rules, namely, &cility and breyity of computation." 
{Trigonornebryy chap, x.) On the other hand may be set the fol- 
lowing sentence from Airy's TAgonoixietTj {Encyclopcedia Metro- 
polUana): "In the opinion of Delambre (and no one was better 
qualified by experience to give an opinion) these theorems are best 
recollected by the practical calculator in their unconnected form." 
Professor De Morgan strongly objects to Napier's Bules, and says 
{Spheri4xU Trigonomet/ry, Art. 17) : "There are certain mnemonical 
formulsB called Napier^ 8 Utiles of Circula/r PaHs, which are gene- 
rally explained. We do not give them, because we are convinced 
that they only create confusion instead of assisting the memory." 

71. We shall now proceed to apply the formulae of Art. 62 
to the solution of right-angled triangles. We shall assume that 
the given quantities are subject to the limitations of Arts. 22 and 
23, that is, a given side must be less than the semicircumference 
of a great circle, and a given angle less than two right angles. 
There will be six cases to consider. 

72. Hamng given ike hypothenuse c arid cm cmgle A. 
Here we have from (3), (5) and (2) of Art. 62, 

tan h = tan c cos A, cot B = cos c tan A, sin a = sin c sin A, 

Thus T> and B are determined immediately without ambiguity; 
and as a must be of the same affection. as A (Art. 64), a also is 
determined without ambiguity. 

It is obvious from the formulae of solution, that in this case 
the triangle is always possible. 

If c and A are both right angles, a is a right angle, and h and 
B are indeterminate. 
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73. Having given a side \ 

Here we have from (3), (4) 

tan h 

tanc= 7, ta]ia = ti 

cos J. 

Here c, a, J? are determin. 
angle is always possible. 

74. Homng given the two 
Here we have from (1) and 

cos c = cos a cos h, cot A 

Here c, A, B are determin 
angle is always possibla 

75. Ha/oi/ng given the hypt 

Here we have from (1), (3) 

, cos c ^ 

cos = , cos B 

cos a 

Here 5, jS, A are determin 
be of the same affection as a, 
that there are limitations of tl 
triangle ; in fact, c must lie bei 
values found for cos 5, cos B, \ 
greater than unity. 

If c and a are right angles, 
indeterminate. 

76. Having given the tvx) 
Here we have from (5) and 

cos C = cot A cot B, QOi 

Here c, a, h are determin 
limitations of the data in order 
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suppose A less than ^ , then ^ must lie between ^ — ^ and 5- + ii ; 
next suppose A greater than ^^ then B must lie between 
•^-{tt — A) and ^ + (tt - -4), that is, between A — -^ and -^ — J. 

77. Having given a side a cmes? the opposite cmgle A. 
Here we have from (2), (4) and (6) of Art. 62, 

sin a . T . .A • n cos -4 

sin c = -; — J , sin = tan a cot A, saiJB = . 

smA cos a 

Here there is an ambiguity, as the parts are determined from 
their sines. If sin a be less than sin A, there are two values ad- 
missible for c; corresponding to each of these there will be in 
general only one admissible value of b, since we must have cos e 
= cos a cos hf and only one admissible value of B, since we must 
have cos c = cot ^ cot B. Thus if one triangle exists with the 
given parts, there will be in general two, and only two, triangles 
with the given parts. We say in general in the preceding sen- 
tences, because if a = A there will be only one triangle, tinlefis a 
and A are each fright angles, and then b and B become inde- 
terminate. 

It is easy to see frx>m a figure that the ambiguity must occur 
in general. 




For, suppose BAG to be a triangle which satisfies the given 
conditions; produce AB and AC to meet again in ^'; tlien the 
triangle A'BC also satisfies the given conditions, for it has a right 
angle at C, BG the given side, and A' = A the given angle. 



SOLUTION OF RIGHT-ANGLED TRIANGLES. 43 

If a = Ay then the formulse of solntion shew that c, 6, and B 
.re right angles; in this case A is the pole of BG, and the triangle 
i^BC is symmetrically equal to the triangle ABG (Art. 57). 

If a and A are both right angles, B is the pole of AC; B and ( 
jre then equals but may have any value whatever. 

There are limitations of the data in order to insure a possible 
riangle. A and a must have the same affection by Art. 64 ; hence 
he formulse of solution shew that a must be less than A if both 
^re acate, and greater than A if both are obtuse. 

EXAMPLES. 

K ABG be a triangle in which the angle (7 is a right angle, 
>rove the following relations contained in Examples 1 to 5. 

1. Sin ^ = sm* ^ cos* ^ + cos* ^ sin - . 

2. Tan ^ (c + a) tan ^(c-a) = tan* ^ . 

3. Sin (c-b) = tan* -^ sin (c + 6). 

• 4. Sin a tan ^A — smb tan ^ jB = sin (a — 6). 

5. Sin (c — a) = sin 5 cos a tan ^ jS, 

Sin (c — a) = tan b cos c tan ^ B, 

6. If ili9(7 be a spherical triangle, right-angled at G, and 

tos A = cos* a, shew that if ii be not a right angle b + c = ^ir or 

\ If 

rTT, according as b and c are both less or both greater than -x* 

7. K a, )8 be the arcs drawn from the right angle respectively 
^rpendicular to and bisecting the hypothenuse c, shew that 

sin ^ ♦ ,^^/(l + sin* a) = sin ^. 
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8. In a triangle, if C be a right an^e and D the middle point 
of AB, shew that 

4 cos* 5 sin*CZ> = sin"a + sin*6. 

9* In a right-angled triangle, if 8 be the length of the arc 
drawn from C at right angles to the hypothenuse A£, shew that 

cot 8 = ^(cot*a + cot*6). 

10. OAA^ is a spherical triangle righjb-angled at A^ and acnte- 
angled at A ; the arc ^ ^ ^^ of a great circle is drawn perpendicular 
to OA, A^ A^ is drawn perpendicular to OA^^ and so on; prove 
that A^ A^^^ vanishes when n becomes infinite; and find the value 
of cos AAi cos A^A^ cos A^^ to infinity. 

1 1. ABC is a right-angled spherical triangle, A not being the 
right angle; prove that if ^ = a, then c and h are quadrants. 

12. If 8 be the length of the arc drawn horn C at right 
angles to ^J9 in any triangle, shew that 

cos 8 = cosec c {cos' a + cos*6 — 2 cos a cos 5 cos cy . 

13. ABC is a great circle of a sphere; A A', BB'j CC\ axe arcs 
of great circles drawn perpendicular to ABC and reckoned posi- 
tive when they lie on the same side of it ; prove that the condition 
of A', B'y C" lying in a great circle is 

tan ^^' sin 5C + tan J?JB' sin C^ + tan CC" sin ui5 = 0. 

14. Perpendiculars are drawn from the angles -4, j5, C of any 
triangle meeting the opposite sides in D, B, JP'respectirely; shew 
that 

tan ^2) tan Ci^ tan il^ = tan 2)(7 tan ^-4 tan i^'A 

15. Ox, Oy are two great circles of a sphere at right angles to 
each other, P any point in AB another great circle. OC =/? is the 
arc perpendicular to AB from 0, making the angle COx = a with 
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•a?. PMy FN are arcs perpendicular to Ox^ Oy respectively ; stew 
iat if OM = X and ON = y, 

COB a tan ;e + sin a ton ^ = ton^. 

16. The position of a point on a sphere, with reference to two 
reat circles at right angles to each bther as axes, is determined 
y the portions 6y <f> of these circles cut off by great circles through 

IT 

be point, and through two points on the axes, each ^ from their 

JU 

oint of intersection; sl^ew that if the three points (0, ^), (^, <f/), 
Vj 4^") lie on the same great circle 

tan^(tantf'-tantf^ + tan^'(tan^'-tantf) 
+ tan <^" (tan tf- tan ^9 = 0. 

17. K a point on a sphere be referred to two great circles at 
ight angles to each other as axes, by means of the portions of 
heee axes cut off by great circles drawn through the point and 
wo p(»ntB on the axes each 90^ from their intersection, shew that 
he equation to a great circle is 

tan cot a + tan ^ cot j8 = 1. 

18. In a triangle, if -4 = ^, -5=o> *"id C=^, shew that 
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78. The solution of oblique-angled triangles may be made in 
jBome cases to depend immediately upon the solution of right- 
angled triangles; we will indicate these cases before considering 
the subject generally. 

(1) Suppose a triangle to have one of its given sides equal to 
a qriadrant. In this case the polar triangle has its corresponding 
angle a right angle; the polar triangle can therefore be solved by 
the rules of the preceding chapter, and thus the elements of the 
primitive triangle become known. 

(2) Suppose among the given elements of a triangle there are 
two eqtial sides or two equal angles. By drawing an arc from the 
vertex to the middle point of the base^ the triangle is divided into 
two equal right-am^led triangles; by the solution of one of these 
right-angled triangles the required elements can be found« 

(3) Suppose among the given elements of a triangle there 
are two sides, one of which is the supplement of the other, or two 
angles, one of which is the supplement of the other. Suppose, for 
example, that 6 + c = -tt, or else that J? + = «■ ; then produce BA and 
BG to meet in B^ (see the first figure to Art. 38); then the triangle 
BfAG has two equal sides given, or else two equal angles given; 
and by the preceding case the solution of it can be made to depend 
upon that of a right-angled triangle. 

79. We now proceed to the solution of oblique-angled tri- 
angles in general There will be six cases to consider. 

80. Having given the three sides. 

. cos a — cos h cos c j . m ^ i 

Here we have cosii = ; — r—- > ^^^d similar formulte 

sm 6 sm c 

for cos jB and cost?. Or if we wish to use formulae suited to loga- 
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rithms, we may take the formula for the sine, cosine, or tangent of 
half an angle given in Art 45. In selecting a formula, attention 
should be paid to the remarks in Plane Trvgaruymetryy Chap. XII. 
towards the end. 

81. Having given the three angles, 

^ , cos-4+cosffcosC ,.Mi. 

Here we have cos a = ; — =r— : — tj , and similar formulae 

sin £ sin C 

for cos 6 and cos c. Or if we wish to use formulse suited to loga- 
rithms, we may take the formula for the sine, cosine, or tangent of 
half a side given in Art 49. 

There is no ambiguity in the two preceding cases; the triangles 
however may be impossible with the giyen elements. 

S2. Hamng given two sides and the included angle (a, C, b). 
By Napier*s analogies 

*^ ' cos^(a + 6) * 

tanJ(^-i?) = 454i^)eotiC; 
*^ ^ sini(a + 6) * ^ 

these determine ^ (-4 + J5) and ^{A- J5), and thence A and B, 

Then c may be found from the formula sin c = ; — -. — : in 

^ sm-4 

this case, since c is found from its sine, it may be uncertain which 

of two values is to be given to it; the point may be sometimes 

settled by observing that the greater side of a triangle is opposite 

to the greater angle. Or we may determine c from equation (1) of 

Art 54, which is free from ambiguity. 

Or we may determine c, without previously determining A and 
By from the formtda cos c = cos a cos h + sin a sin h cos (7; this is 
free from ambiguity. This formula may be adapted to logarithms 
.thus; 

cos c = cos & (cos a + sin a tan 6 cos C) ; 
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assume tan 6 = tan b cosC ; then 

, , . ^ ^v cos 6 cos (a — d) 

cos c = cos (cos a + sin a tan $) = )x ^ : 

^ ' cos^ 

this is adapted to logarithms. 





Or we may treat this case conveniently by resolving the tri- 
angle into the sum or difference of two right-angled triangles. 
From A draw the arc A I) perpendicular to CB or CJB produced; 
then, by Art. 62, tan C-O = tan 6 cos C, and this determines CD, 
and then BB is known. Again, by Art. 62, 



cos c = cos AD cos JOB = cos BB 



cos 5 



this finds c. It is obvious that CD is what was denoted by ^ in 
the former part of the Article. 

By Art. 62, 

tan AD = tan C sin C7i>, and tan^i) = tanil^2)sin2>jB; 

thus tan ulffjD sin i>-5 = tan (7 sin ^, 

where BB = a-$ or O-a, according as i) is on CB or CB pro- 
duced, and ABB is either B or the supplement of B; this for- 
mula enables us to find B independently of A, 

Thus, in the present case, there is no real ambiguity, and the 
triangle is always possible. 
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83. Having given, two angles ami the included side (A, c, B). 
By Napiei^s analogies, 

tan ^ (a + 5) = ^^f; . " J tan 4 c, 
* ^ ' cos ^ (-4 + j5) * ' 

tan A (a - 6) = ^ f , . "" 2 tan 4 c j 

these determine ^ (a + 6) and ^ (a — h\ and thence a and b. 

Then C may be found from the formula sin C = ; ; in 

sma ' 

this case, since G is found from its sine, it may be uncertain which 

of two values is to be given to it ; the point may be sometimes 

settled by observing that the greater angle of a tiiangle is opposite 

to the greater side. Or we may determine C from equation (3) of 

Art. 54, which is free from ambiguity. 

Or we may determine C without previously determining a and 
h from the formula cos(7 = — cos ui cos i? + sin ui sin ^ cose. This 
formula may be adapted to logarithms, thus ; 

cos C = cos j5 (- cos -4 + sin -4 tan B cos c) ; 

assume cot ^ = tan B cos e ; then 

n » / A ..... COS ^ sin (-4 - <^) 

cos (7 = COS -5 (— cos ^ + cot ^ sin ul) = : — \ ^-^ : 

^ Bm<p 

this is adapted to logarithms. 

Or we may treat this case conveniently by resolving the tri- 
angle into the sum or difference of two right-angled triangles. 
From A draw the arc AD perpendicular to CB (see the right- 
hand figure of Art. 82); then, by Art ^2, cose = cot^ cot DAB^ 
and this determines DAB^ and then GAD is known. Again, 
by Art. -62, 

cos AD sin CAD = cos G and cos AD sin BAD = cos j5; 

.1 i. cosC COS^ ^1. /. 1 >^ 

thereuMre . • ^^r. = -^ — s^rr; i *"i9 ™d8 G. 

sm GAD smBAD 

It is obvious that DAB is what was denoted by ^ in the former 
part of the Article. 

T. S. T. £ 
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By Art. 62, 

tan ii2> = tan ^(7 cos (AiiD, and tan^2> = tan.iJ?coB^uL2>; 
thus tan h cos CAD = tan c cos ^y 

where GAD = A — <I>; this formula enables us to find 6 indepen- 
dently of a. 

Similarly we may proceed when the perpendicular AD feJls on 
CB produced; (see the left -hand figure of Art. 82). 

Thus, in the present case, there is no real ambiguity; more- 
over tlie triangle is always possible. 

* 

84. Having given ttvo aides and the anigle opposite one of them 
(a, b, A). 

The angle B may be foimd &om the formula 

. „ sin h . J 
BinB = —. — sm A, 
sina 

and then C and c from Napier's analogies, 

* COS ^ (a + 6) 2 \ /' 

In this case, since B is found from its sine, there will sometimes 
be two solutions; and sometimes there will be no solution at all, 
namely, when the value found for sin ^ is greater than unity. We 
will presently return to this point. (See Art 86.) 

We may also determine C and c independently of JB by for* 
mulse adapted to logarithms. For, by Art. 44, 

cot a sin 6 = COS 6 cos (7 + sin (7 cot -4 = cos 6 (cos (7+ i- sin O ; 

^ cos6 '* 

assume tan <f> = =- ; thus 

^ cos 6 

. ., ,/ ^ , f ' /n cos 5 cos (C— A) 
cot a sm 6 = cos (cos C + tan A sm C7) = ^^ 2-^ : 

^ 7- / COS0 ' 

therefore cos ((7 — ^) = cos <^ cot a tan h ; 
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from this equation C—<f> is to be 
guity still exists; for if the last 
will be satisfied also by ^ — (7 = a 
values for C> if ^ + a is less than 71 

And 
60S a s cos b cos c 4- sin b sin c cos / 

assume tan 6 = tan b cos A ; thus 
cos a = cos b (cos c + sin c 

therefore cos {c-$) = • 

from this equation c - tf is to be fc 
be an ambiguity as before. 

Or we may treat this case cc 
angle into the sum or difference oi 




Let CA = b, and let GAE = th 
CD perpendicular to AE, and let < 
shews that there may be two triai 
ments. Then, by Art 62, cos b = 
Again, by Art 62, 

iaxLCD = taaAG cos ACD, 
and tan C2> = tan CjB qosBCD, 

therefore tan-4(7cosilC-D = tanOi 
this finds BCD or B^GD, 

It is obvious that AGD is what 
part of the Article. 
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Also, by Art. 62, tan AD — tan ii(7 cos ui ; this finds AD. Thes | 
cos AC = cos CD cos -42), cos GB = cos CD cos .ffi), 
or cosCjB'=cos(7i>cosJ5'i>; 

., ^ cos -4(7 cos CB cos C^ 

therefore j7r= j^^r or 577: ; 

cos AD co&BD oosBD 

this finds jBi> or jB'A 

It is obvious that AD is what was denoted by in the former 
part of the Article. 

85. Having given tvx> cmgles cmd the side opposite one offheim, 
(A, B, a). 

This case is analogous to that immediately preceding, and 
gives rise to the same ambiguities. The side h may be found from 

the formula sin 6 = : — 3 — , and then C and c from Napiei^s 

analogies, 

* cos ^ (a + 6) * ^ ^' 

. , cosAM + jB). ,, ,v 
tan \ c = Yv-i — =57 tan i(a + 0), 

* C0S^(il--O) *^ ^ 

We may also determine C and c independently of 6 by formula 
adapted to logarithms. For 

cos ^ = — cos 5 cos (7+ sin B siaC cos a 

= co8^(-^cos(7 + tani9 8inOc6Aa), 

assume cot ^ = tan B coaa; thus 

A n/ ry - n j. .\ COB B Bm (C -- A) 

COS A = C03B (- cos C7 + sm (7 cot d>) = ; — ^^ jlI . 

^ ^' sin<;^ * 

therefore sin (C—d})= vr-^ : 

^ ^^ coaB ' 

from this equation (7 - <^ is to be found and then <7. Sinoe C-^ 
is found from its sine there may be an ambiguity. Again, by 
Art. 44, 
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cot A sin B = cpt a^ sin c — cos c cos B = 

assume c6ttf = 5^: then 

cos^ 

cot ii sin ^ = COS ^ (— cos c + sin c 

therefbre sin (c - tf ) = cot -4 ti 

from this equation c — is to be founc 
found from its sine there may be an a 
be shewn that these results agree witl 
the triangle into two right-angled tri 
ACB' the arc CD be drawn perpei 
will = ^ and B'I) = $. 

86; We now return to the con 
which may occur in the case of Art. i 
and the angle opposite one of them, 
tedious from its length, but presents c 

Before considering the problem ; 
particular case in which a = b; then 
third of Napier's analogies give 

oot ^C = tan A cos a, tai 

now cot ^ and tan ^ c must both be j 
be of the same affection. Hence, whei 
tion at all^ unless A and a are of t 
there will be only one solution; exc 
right angles, and then cot ^(7 and ts 
there is an infinite number of solutioc 

"We now proceed to the general dis 

If sin 6 sin ui be greater than sin < 

satisfies the given conditions ; if sin 

XT- xi • n sin 6 sin ^ 
sma, the equation sm^ = : 

^ sin a 

which we will denote by ^ and fi', so 
pose that )3 is the one which is not gr< 
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Now, in order that these values of B may be admissible, it is 
necessary and sufficient that the values of cot ^(7 and of tan^c 
should both be positive, that ^s^ A—B and a — h must have the 
same sign by the second and fourth of Napier's analogies. We 
have therefore to compare the sign of A — fi and the sign oi A—P 
with that of a — 5. We will suppose that A is less than a right 
angle, and separate the corresponding discussion into three cases. 



I. Let h be less than •^. 

(1) Let a be less than (: the formula sin ^=-; sin ^ makes 

^ ' ' sma 

P greater than Ay and d, forlMri p^ greater than A. Hence there 
are two solutions. 

(2) Let a be equal to 6; then there is one solution^ as pre- 
viously shewn. 

(3) Let a be greater than 5; we may have then a+ 6 less thau 
TT or equal to tt or greater than tt. If a + 6 is less than tt, then 
sin a is greater than sin 6; thus P is less than A and therefore ad- 
missible, and p is greater than A and inadmissible. Hence there 
is one solution. If a + 6 is equal to ir, then P is equal to Ay and 
P greater than Ay and both are inadmissible. Hence there is no 
solution. If a + 6 is greater than tt, then sin a is less than sin 5, 
and P and p are both greater than Ay and both inadmissible. Hence 
there is no solution. 



II. Let h be equal to ^. 

(1) Let a be less than &; then p and p are both greater than 
Ay and both admissible. Hence there are two solutions. 

(2) Let a be equal to 6; then there is no solution, as pre- 
viously shewn. 
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(3) Let a be greater than b ; then sin a is less than edn b, and 
P and fi^ are both greater than A, and inadnussible. Henoe there 
is no solution. 



m. Let b be greater than ^. 



(1) Let a be less than 5 ; we may have then a + 6 less than 
TT or equal to ir or greater than tt. If a + 6 is less than ir, then 
sin a is less than sin h, and j8 and /S' are both greater than A and 
both admissible. Hence there are two solutions. If a + 6 is equal 
to TT, then p is equal to A and is inadmissible, and ^ is greater 
than A and admissible. Hence there is one solution. If a + i 
is greater than ir then sin a is greater than sin 5j ^ is less 
than A and inadmissible, and ^ greater than A and admissible. 
Hence there is one solution. 

c 

(2) Let a be equal to & ; then there is no solution, as pre- 
viously shewn. 

(3) Let a be greater than b ; then sin a is less than sin b, 
and fi and ^ are both greater than A and both inadmissible. 
Hence there is no solution. 

We have then the following results when A is less them a 
right a/ngle: 



1. ^ 
5<2 



a<b two solutions, 

a = 6 one solution, 

a>6 and a + 6<7r one solution, 

a>b and a+6 = 7r or >w no solution. 



*=2 [a= 



a<.b two solutions, 

b or a>b no solution. 



(a<6 and a + b^ir two solutions, 
a<.b and a + 6 = 7r or >7r one solution, 
a = 6 or >b , no solution* 
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It must be remembered, however, that in the cases in which 
two solutions are indicated, there will be no solntion at all if 
sin a be less than sin 6 smA, 

In the same manner the cases in which A is equal to a right 
angle or greater than a right angle may be discussed, and the 
following results obtained : 

When A is equal to a right cmgUj 

{a<6 or a = 6 no solution, 
a>6 and a + 6<7r one solution, 
a->h and a + h^ir or >7r no solution. 

,_«• c a<h or a>b .." no solution, 

2 \a = b infinite number of solutions. 

ia<& and a + 5>7r one solution, 
a<6 and a + 6 = 7r or <ir no solution, 
a = b or a>6 no solution. 

When A is ffrecUer iJicm a right cmghy 

1a<6 or a = 6 no solution, 
a>6 and a + 6 = 7r or <7r'. one solution, 
a>h and a + 6>7r two solutiona 



— - r ^ 

~2 [a 



a<.h or a = h no solution. 



6=.. 

>6 two solutions. 



^"2 



^ a<h and a + 6>7r one solution, 

a<h and a + 6 = 7r or <7r no solution, 

a=^h one solution, 

a>6 two solutions. 



As before in the cases in which two solutions are indicated, 
there will be no solution at all if sin a be less than sin b sin A. 

It will be seen from the above investigations that if a lies 
between b and tt — 5, there will be one solution ; if a does not lie 
between b and ir—b either there are two solutions or there is 
no solution; this enunciation is not meant to include the cases in 
which fl? = J or = ^— 6. 



SOLUTION OF OBLIQUE-ANaLED TBIANGLES, 



57 



87. The reeults of the preceding article may be illustrated hj 
a figure. 




Let ADA'E be a great circle; suppose PA and PA' the 
projections on the plane of this circle of arcs which are each 
equal to h and inclined at an angle A to ADA' ; let PB and 
P£f be the projections of the least and greatest distances of P 
from the great circle, (see Art 69). Thus the figure supposes 



TT 



A and h each less than ^ . 

If a be less than the arc which is represented by PD there is 
no triangle ; if a be between PD and PA in magnitude, there are 
two triangles, since JB will fiill on ADA\ and we have two triangles 
BPA and BPA'; if a be between PA and PS there will be only 
one triangle, as B will faJl on A'H or AH\ and the triangle will be 
either APB with £ between A' and jET, or else A'PB with B be- 
tween A and JBT' ; but these two triangles are symmetrically equal 
(Art 57) ; if a he greater than PS there will be no triangle. 
The figure will easily serve for all the cases ; thus if ^ is greater 

IT 

than ^ , we can suppose PAB and PA'E to be equal to il ; if 
6 is greater than ^ , we can take Pff and PH' to represent h. 
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88. The ambiguities whicli ocour in tlie last case in the so 
tioQ of oblique-angled triangles (Art. hS) may be diflcUBged in i 
same manner as those in Art 86 ; or by means of the po 
triangle, the last oaae may be dedaced &om that of Art 86. 



1. The sides of a triangle are 105*, 90", and 75° reepective 
id the sines of all the angles. 



2. Prove that tan i^ tan J£ = 



"(«-«) 



when a side, an adjaoent an^^ and the sum of the other t 
sides are given. 

3. Solve a triangle having given a side, an adjacent ang 
and the sum of the other two angles. 

4. A triangle has the sum of two sides equal to a semic 
cumference ; find the arc joining the vertex irith the midi 

of the base, 

5. Jl a, b, c are known, e being a. quadrant, determine 1 
angles ; shew also that if 8 be the perpendicular on c firom i 
opposite anglf^ cos* S = cos' a + cos' 6. 

6. If one aide of a spherical triangle be divided into f( 
equal parts, and 9„ 0g 6^ 6^ be the aJig^es subtended at tiie op] 
site angle hy the parts taken in order, shew that 

ain {« , + tf^ sin *, ain tf, = sin (tf, + tf J sin tf, sin 5^ 

7. In a spherical triangle 'd A=B = 2G shew that 

8 sin Ta + I j sin* I cos I = sin' a. 



CIBCUMSCBIBED 
8. In a spherical triani 

8 sin' s I coe 



2V 



9. If the equal sides oi 
by an arc D£, and BG be tl 



sin 



10. If Cj, c, be the tw( 
are given and the triangle h 



tan ^ tan ^ = 



Vn. CIRCUMSCRIBE] 

89. To find the cmgvJU 
in a ffiven triangle. 




Let ABC be the triangh 
meeting m F ; fix)m P dra,^ 
sides. Then it may be she 
also that ui^ = ^i^, BF=B 
the sum of the sides = « ; th 

Now tan FF = tai 

thus tan r = tan 
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The value «f tan r may be exprewed in varioua forms ; thus 
from Art. 45, we obtain ^ 

tan - = /( ^ilZL^^EJ^Z^l . 
2 V \ sin « sin (« — a) y 

substitute this value in (1), thus 

tanr= /(Bm(«-«)«in(«-6) an(«-c)) ^ 

Again 
sin (»- a) = sin {i (6 4- c) - i a} 

= sin ^ (6 + c) cos ^ a — cos ^ (5 + c) sin ^ a 

_ sin a sin ^ ^ sin ^ G 

therefore from (1) tanr = — - — t^-A — sina (3); 

^ ' cos ^ ^ 

hence by Art. 51, 

^^ _ J{- cos S cos {S-A) cos {S- B) cos {S - C)} 

2 cos ^ il cos ^B cos ^ (7 

""2co8i^cosijBcosiC ^^ 

It may be shewn by common trigonometrical formulas that 

4coe i-4 cos i-5cos ^(7= cos/S'+oo8(/S-il) + qo&{S- B)'^coh{S- C); 
hence we have frx>m (4) 

cotr = ^|cos/S'+cos(Ay-J[) + cos(Ay--B)+cos(iS-C)| (5). 
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90. To find the o/ngvlaT radius of the smtdl circle described 
go €18 to touch one tide qf p, given triangle, and ihe oi^eft sidee 
produced. 




Let ABC be the triangle; and suppose we require the radius 
Qf the small circle wliich touches BC, and AB and AG produced. 
Produce AB and AC to meet in ^' ; then we require the radius of 
the small circle inecribed in A30, and the sides of A'BC are a, 
v^hy IT — c tespectirely. Hence if r^ be the required radius, and 
8 denote as usual ^{a+b'^c), we have from Art 89, 



tanr^sstau -^ sin« 



(!)• 



From this result we may derive oth^ equivalent forms as in 
the preceding article ; or we may make use of those forms im- 
mediately^ observing that the angles of the triangle A'BG are A, 
IT —By TT — C respectively. Hence 8 being ^(a-hb-hc) and S 
being ^{A-\-B + C) we shall obtain 



tanr 



■vi 



sin g sin (g — 5) sin (g — c)) _ 



sin (g — a) J sin (g - a) 



J si] 



n 



...(2), 



COS ^ ^ COS i C . 

tan r, = — r— j-^^ — sm a 

* cos^^ 



(3), 



^ ^ ^{-cos/ycos(Ay-^)cos(Ay-^)cos(/y-c)} 

*"" 2 cos ^il sin I jB sin ^(7 



I^ 



w> 



2 COS ^^ sin ^^ sin ^C 

cot r^ = ^1 - cos aS^- cos (S- A) + cos(Ay- B) + coa{S- (7)|. . . (5). 
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These results may also be found independently by bisecting 
two of the angles of the triangle A'BGy so as to determine the 
pole of the small circle, and proceeding as in Art. 89. 

91. A circle which touches one side of a triangle and the 
other sides produced is called an escribed circle; thus there are 
three escribed circles belonging to a given triangle. We may 
denote the radii of the escribed circles which touch CA aiid AB 
respectively by r, and r^ and values of tan r, and tan r^ may 
be found from what has been already given with respect to 
tan r^ by appropriate changes in the letters which denote the 
sides and angles. 

In the preceding article a triangle A'BG was formed by pro-^ 
ducing AB and AG to meet again in ^'; similarly another triangle 
may be formed by producing BG and BA to meet again, and 
another by producing GA and GB to meet again. The original 
triangle ABG and the three formed from it have been called 
associated triam^Us^ ABG being the fundamental triangle. Thus 
the inscribed and escribed circles of a given triangle are the same 
as the circles inscribed in the system of associated triangle^ of 
which the given triangle is the fundamental triangle. 

92. To find the (mgvlwt radius of ^ smaU circle described 
about a given triable. 




Let ABG be the given triangle ; bisect the sides CB, CA in 
D and U respectively, and draw from D and B arcs perpendicular 
to GB and CA respectively, and let F be the intersection of these 
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arcs. Then P will be the po 
ABG. For draw PA, PB, 
triangles PCD and PBD i\ 
the right-angled triangles PC 
hence PA^PB= PC. Also 
the angle PBG=ih.Q angle 1 
PAG', therefore P(75 + ^ = 

Let PG=^R. 

Now tan(7Z> = tan< 

thus tan ^ a = ta: 

therefore tan R = — ; 

cos( 

The value of tan^ may I 

if we substitute for tan ^ fron 

2 



tani? '■ -*" 



V{. 



cos(aS'--4) cos(a$ 
Again cos (5^- -4) = cos {^(^ 

= cos ^{B ■ 

sin^^ cos^^ 
cos^a 

sin^ 1 r 

= i — cos^ 6 ( 

cos^a ^ 

therefore from (1) 

. D sin 4 a 
tan/? = -T * 



sin A cos ^ 6 coi 



Substitute in the last en 
Art. 46; thus 

V{sm 8 sm (« - a) sm ( 
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It may be shewn by common trigonometrical formulsB, that 
4 sin I a sin ^ 6 sin ^ c = sin (« — a) + sin (« — 6) + sin (« — c) — sin «,* 
hence we have from (4) 

tan J2 = ^ -jsin («— a) + sin (« — 6) + sin(« — c)- sin «[ (5). 

93. To find the angvla/r radii of the small dardes deacribed 
round the tricmglea associcUed with a given fv/ndorniental triangle. 

Let B^ denote the radius of the circle described round the 
triangle formed by producing AB and AC to meet again in A*; 
similarly let B^ and B^ denote the radii of ike circles described 
round the other two triangles which are similarly formed. Then 
we may deduce expressions for tani^^, tauB^, and tani?, from 
those found in Art 92 for tan B. The sides of the triangle A'BC 
are a, w — hy ir — Cy and its angles are A, ir — B, ir — C; hence if 
# = i (a + 6 + c) and S = ^(A + B'^C) we shall obtain from 
Art 92 

^ tania 

T> sin A a ... 

tani? = -; — -i—. — f-r—. — 7- , (3), 

* sm -d sin ^ sm ^ c ^ ^ 

„ 2 sin ^ g cos ^ 5 cos ^ c 

* ^{sin^ sin(«-a) sin(«-^)sin(«-c)} ' ^' 

tani?i=5-<sin^-sin(«-a) + sin(«-6) + sin(«-c)| (5). 

Similarly we may find expressions for tan B^ and tan B , 



94. Many examples may be proposed involving properties of 
the circles inscribed in and desCTibed about the associated triangles. 
We will give one that will be of use hereafter. 



1 
(cot r + tan Ef = -—^ (sm a + sin 6 + sin c)* - 1. 
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To prove that 

We have 

4w' = 1 — cos* fib — cos* h — cos* c + 2 cos a cos h cos c ; 

therefore 

(sin a + sin 6 + sin c)* - 4%* 

= 2(l+sinasin6 + sin6sinc + sincsina — cos a cos 6 cos cj. 

Also cot r + tani?= ^-jsin« + sin(« — a) + sin(«-6) + sin(«-c)[; 

and by squaring both members of this equation the required 
result will be obtained. For it may be shewn by reduction that 

sin* 8 + sin* (« - a) + sin* (« — 5) + sin* (« — c) = 2 - 2 cos a cos 6 cos c, 

and 

sin«sin(« — a) + sin«sin(« — 6) + sin«sin(« — c) 

+ 8in(« — a) sin(« — 6) + sin (« — 6) sin (« - c) + sin (s — c) sin {a - a) 

= sinasin& + sin5sinc + sincsina. 
Similarly we may prove that 

, (cot r J — tan -ff)* = —^ (sin 6 + sinc — sina)*-l. 

95. In the figure to Art. 89, suppose DP produced through 
P to a point A' such that DA' is a quadrant, then A' is a pole of 

BC and PA' = — — r j similarly, suppose EP produced through P 

to a point J8^ such that ER is a quadrant, and FP produced 
through P to a point C such that FC is a quadrant. Then 

A'B^C is the polar triangle oi ABC, and PA' = PB = P(y= ^-r. 

Thus P is the pole of the small circle described round the polar 
triangle, and the angular radius of the small circle described round 
the pdar trian^e is the complement of the aogulax x«dLx>& ^1 ^ik^<^ 

T. S. T. ^ 
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small circle inscribed in the primitive triangle. And in like man- 
ner the point which is the pole of the small circle inscribed in 
the polar triangle is also the pole of the small circle described 
round the pnmitiye triangle^ and the angular radii of the two 
circles are complementary. 



EXAMPLES. 



In the following examples the notation of the chapter is 
retained. 

Shew that in any triangle the following relotiona hold con- 
tained in Examples 1 to 5 : 

1. Tanr, tan r, tan rg = tan r sin**. 

2. Tan E + cotr = tan B^ + cot r ^ = tan B^ + cot r^ 

= tan 2?3 + cot rg = ^ (cot r + cot r^ + cot r^ + cot rj. 

3. Tan'i? + tan'i?, +tan*^,+ tan'i?, 

= cot* r + cot'rj + cot' r^ + cot* r,. 

Tanrj + tanr, + tanr_-tanr , „ , , 

4- ,,. ^ ^ ^ . ' — TT-^ 7 — = i(l + cosa+cos6-i-cosc). 

cot r^ 4- cot r^ -»- cot r^ — cot r * ^ ^ 

5. Tan -Bj tan i?, tan i?3 = tan i? sec»/S. 

6. Shew that in an equilateral triangle tani? = 2 tan r. 

7. If ABC be an equilateral spherical tiiangle, P the pole of 
the circle circumscribing it, Q any point on the sphere, shew that 

cos ^il + cos ^^+ cos $C= 3 cos Pil cos PQ, 

8. If three small circles be inscribed in a spherical triangle 
having each of its angles 120®, so that each touches the other two 
as well as two sides of the triangle, prove that the radius of each 
of the small circles = 30°, and that the centres of the three small 
circles coincide with the angular points of the polar triangle. 
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YUJ. AREA OF A SPHI 
SPHERICAL 

96. Tojind the area of a lAme 

A Lwn» is that portion of the so 
prised between two great semicircle 




Let ACBDA, ABBE A be two li 
then one of these lanes may be sup) 
to coincide exactly with it ; thus 
ejuo^. Then by a process similar i 
of Euclid it may be shewn that I 
omgUa. Hence siiice the whole si- 
aidered as a Inne with an angle e 
have for a lone with an angle ol 
is A, 

area of lune 
sor&ce of sph< 

Suppose r the radius of the s} 
(/nfe^mj Caiculve, Chap, vu.) ; th 

area of lune = 5— 
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97. To find the area of a Spherical Triangle. 




Let ABC be a spherical triangle ; produce the arcs which form 
its sides until they meet again two and two, which will happen 
when each has become equal to the semi-circimiferenca The 
triangle ABC now forms a part of three lunes, namely, ABDCA, 
BCEAB, and CAFBC. Now the triangles CDE and AFB are 
subtended by vertically opposite solid angles at 0, and we wiU 
assume that their areas are equal ; therefore the lune GAFBG is 
equal to the sum of the two triangles ABC and CDE, Hence if 
A^ By C denote the circular measures of the angles of the triangle, 
we have 

triangle ABC + BGDC = lune ABDCA = ^Ar", 
triangle ABC + AHEC = lune BGEAB = 2^r», 
triangle ABC + triangle CDE = lune CAFBC = 2(7r» j 

hence, by addition, 

twice triangle ABC+ surface of hemisphere = 2(-4 + 5 + C)r*; 

therefore triangle ABC = (A + B + C -ir) r^. 

The expression A-^B-hC-ir is called the spherical excess oi 
the triangle ; and since 
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the result obtained may be thua enunciated, the a/tea of a spherwal 
triangle is the same/rcKHan of the surface of the hemisphere cts the 
spherical excess is of four right angles, 

98. We have assumed, as is usually done, that the areas of 
the triangles CBE and AFB in the preceding article are equal. 
The triangles are, however, not absolutely equal, but syrwmetri- 
cally equal (Art. 57), so that one cannot be made to coincide 
with the other by superposition. It is, however, easy to decom- 
pose two such triangles into pieces which admit of superposition, 
and thus to prove that their areas are equal. For describe a 
small circle round each, then the angular radii of these circles 
will be equal by Art. 89. If the pole of the circumscribing circle 
fidls inside each triangle, then each triangle is the sum of three 
isosceles triangles, and if the pole falls outside each triangle, then 
each triangle is the excess of two isosceles triangles over a third ; 
and in each case the isosceles triangles of one set are respectively 
c^tsokiJtely egual to the corresponding isosceles triangles of the 
other set. 

99. Tofmd the a/rea of a spherical polygon. 

Let n be the number of sides of the polygon, % the sum of all 
its angles. Take any point within the polygon and join it with 
all the angular points ; thus the figure is divided into n triangles. 
Hence by Art. 97, 

area of polygon = (sum of .the angles of the triangles - nir) r", 

and the sum of the angles of the triangles is equal to 2 together 
with the four right angles which are formed round the common 
vertex; therefore 



area 



of polygon = •! S — (w - 2) TT i r*. 



This expression is true even when the polygon has some of its 
angles greater than two right angles, provided it can be decom- 
poBed into triangles, of which each of the angles is less than two 
right angle& 
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100. We shall now give some expressions for certain trigono- 
metrical functions of the aphericcU excess of a triangle. We denote 
the spherical excess by E^ so that H^A + JB + C—v. 

101. GagnciKa Theorem. To prove that 

. , w__ V{sin g sin (g - g) sin (g - 6) sin (g — c)} 
* ~" 2cos^acos^6oos^c 

SiniJ^ = sini(^ + -8 + (7-7r)=sin{i(il + ^)-i(ir-(7)} 
= sin^(^+^sin^(7-cos^(^ + ^)cos^(7 

=^^^^^i^.{coei(«-6)-««4(a+6)}, (Art 54), 

_sinC7sin^asin^6 
cos \c 

sin ^ a sin 4 5 2 ,, . . , \ • / z\ • / m 

- — 3 — ^ — «_ . _ : — - . ^{sin « sm (« - a) sm (a - 6) sin (« - c) } 

cos 4c smasm6^* ^ ' ' '* 

_ j^lsin g sin (g — g) sin (g — 5) sin (g — c)} 
2. cos 4 g cos ^ 6 cos ^ c 

102. LlhuUlien^a Theorem. To prove that 

tan \ ^ = ^{tan i« tan ^ (« -g) tan i(« - 6) tan i (« - c)}. 

T i^_s mi(^+^+g-'>r ) 8ini(ii + ^)-sini(7r-C) 
^^''*^~cosiG4 + ^ + C7-7r)"cosi-(.l + 5) + cofli(7r-(7)* 

(P^gwe rrigr. Art 83), 

sin^(ii + ^)-co8^g cos^(g-6)-cos4c cos^C 
" cos i (^ + -5) + sin i (7 " cos i (g + 6) + cos i c ' sin i C * 

(Art. 54), 

sin^(c4-g-5)sin^(c + 5-g) /^ sing sin (g-c) ^ 
'"co8i(g+6 + c)cosi(g + 6-c) V (,sin(«- g) sin(«-5)j' 

(Art 45), 

= ^{tan i a tan i («- g) tan i («- 6) tan^ (« -c)}. 
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103. We may obtain many other formnlsB inyolving trigo- 
nometrical fdnctions of the spherical excess. Thus, for example, 

cos iJ^ = cofl{i (^ + ^ - i (tt -C)} 

= cosi(ii + 5)sin4(7+sini(^ + -5)cosiC 

= |cosJ(a + 5)sin*|0+cos^(a-6)cos'iC>secic,(Art54), 

= lcoe^a cos ^6 (cos* ^C+ sin* ^C) 

+ sin ^a sin ^ 5 (cos* ^G - sin* ^C) > sec ^ c 

= {cos i^acos^5 + sin^asin^5cosC}sec^c 

Again, it was shewn in Art 101, that 

sin^i^=sin(7Bin^asin^5sec^cj 

„ sin i a sin i b sin C 

therefore tanA-o= -. ^\ — r-^j ; — rr 7#« 

^ cos^a oos^o + sm^cs sm^o cost/ 

Again, we have from above 
cos^j^= I cos ^a cos i& + sin ^a sin 1 5 cos(7| sec^c. 

_ (1 + cos a)(l + cos &) + sin a sin & cos C 
" 4 cos ^a cos ^5 cos ^c 

_. 1 + cos a + cos h + co« c __ cos* ^ a + cos* J 6 + cos* ^ c - 1 
4 cos ^ a cos ^ h cos ^ c ~^ 2 cos ^ a cos ^ b cos ^ c 



EXAMPLES. 

1. Find the angles and sides of an equilateral triangle whose 
area is one-fonrth of that of the sphere on which it is described. 

2. Find the sur&ce of an equilateral and equiangular sphe- 
rical polygon of n sides, and determine the value of each of the 
angles when the sur&ce equals half the surface of the sphere. 

3. If a = 6 = ^ , and c = ^ , shew that E = cos"* ^ . 

« 
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EXAMPLES* 



4k, Tf the angle (7 of a spherical triangle be a right an. 
shew that 

sin ^ ^ = sin ^ a sin ^ 5 sec ^ c, cos ^ E= cos ^ a cob^ b sec ^ 

5. If the an^e Che & right angle, shew that 

sin*c „ sin" a sin* 6 
cos -& = + 



cose 



cos a 



cos 6 



sin' a 



6. If a = h and C= -^ , shew that tfin U = j: . 

2 2cosa 

7. The sum of the angles in a right-angled triangle is 
than four ri^t angles. 

8. Draw through a given point in the side of a spher 
triangle an arc of a great circle cutting off a given part of 
triangle. 

9. If the angles of a spherical triangle be together equal 
four right angles * 

cos* ^a + cos* i 6 + cos* ^ c = 1. 

10. If r^y r^ T^ be the radii of three small drcles o 
sphere of radius r which touch one another in P, ^, ^ i 
Ay By C be the angles of the spherical triangle formed by join 
their centres, 

area PQE-{A cosr^ + ^B oosr^j + Ccosr^-ir) r*. 

11. Shew that 

|sin^^sm(.i-i^)sin(^-iJ^sin((7-i^)|* 

~ 2 sin ^J. sin ^ ^ sin ^ C7 ' 

12. Given two sides of a spherical triangle, determine w 
the area is a Tnaximum. 

13. Knd the area of a regular polygon of a given nnmbe 
sides formed by arcs of great circles on the sur&ce of a sphc 
and hence deduce that, if a be the angular radius of a si 
circle, its area is to that of the whole surface of the sphere 
versin a tt>. 2. 



( 73 ) 



IX. ON CERTAIN APPROXIMATE FORMULAE. 

104. We shall now inyestigate certain approximate formnlsB 
which are often useful in calculating spherical triangles when the 
radius of the sphere is liEu:ge compared with the lengths of the 
sides of the triangles. 

105. Given two aides cmd the vnehided cmgU of a spherical 
triangle, tajmd the omgle bettoeen, the chords of these sides. 




Let AB, AC be the two sides of the triangle AjBC ; let be 
the centre of the sphere. Describe a sphere round ^ as a centre, 
and suppose it to meet AO, J^B, AC m Dy E, F respectively. 
Then the angle EDF is the inclination of the planes OAB^ OAC^ 
and is therefore equal to -4. From the spherical triangle 1)EF 

cos EF=coa £>E cos I>F+ sin £>E sin BFqobA ; 

and DE = ^{ir-c\ J)F=^{ir^h); 

therefore cobEF= sin ^ 6 sin ^ c + cos ^ 6 cos ^ c cos ii. 

If the sides of the trian^e are small compared with the radius 
of the sphere, EF will not differ much from A ; suppose EF 
= A — 6, then approximately 

cos -^J^= cos -4 + tf sin-4 ; 
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and sin ^ 5 sin ^ c = sin* i (& + c) - sin* J (5 — c), 

cos ^ 6 cos ^ c = cos* J (6 + c) -- sin* i (S - c) ; 
therefore 

coB-4 +tf sin-4 =sin*i(6 + c)-sin*i(6-c) 

+ |l -sin*|(6 + c)-sin*i(6-c)> cos -4; 
therefore 

^sinil = (1 - cos -4) sin*i (6 +c) - (1 + cos -4) sin* i (6- c), 
therefore = tan | -4 sin* J (5 + c) - cot ^ -4 sin* i (6 - c). 

This gives the circular measv/re of 6; the number of seconds in 
the angle is found by dividing the circular measure by the circular 
measure of one second, or approximately by the sine of one second 
{Plane Trigonometi^y Art. 123). If the lengths of the arcs corre- 
sponding to a and b respectively be a and fi, and r the radius of the 

sphere, we have - and — as the circular measures of a and 5 

respectively ; and the lengths of the sides of the chordal triangle 

are2rsin^ and 2rsin^ respectively. Thus when the sides of 

the spherical triangle and the radius of the sphere are known, we 
can calculate the angles and sides of the chordal triangle. 

106. Legendre's Theorem. If the sides of a sphericaX tricmgk 
be small compa/red with the radius of the sph&re, then each cmgle 
of the spherical tria/ngU eocceeds by one thnird of the sphericaX ex- 
cess the corresponding offigle of the pla/ne triamgle^ the sides of 
which a/re of the sa/me length as the a/rcs of ike spherical triangle. 

Let Ay By C be the angles of the spherical triangle ; a, 5, 6 
the sides ; r the radius of the sphere ; a, 13, y the lengths of the 

arcs which form the sides, so that -, — , - are the circular 

r T r 

measures of a, 5, c respectively. Then 
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ocMsa — COS& coso 



cos -4 = 



now 



8m6 sine 



a a 



^**=^""2?'^24i^""' 



a a 

sin d = TT-i + . . . 



Similar expressions hold for cos b and sin &, and for cos c 
and sin c respectively. Hence, if we neglect powers of the cir- 
cular measure above the /oitrthy we have 



1 

cos il = - 



Zr* 24r« V ar* 24rV V V 24rV 

jy+V-tt' g* + j8* 4- y* - 2a'^ - 2j8'y - Va* 
"" 2)8y "^ 24i8y»^ 

Ufaw let j1', ^, C be the angles of the plane triangle whose 
sides are a, P, y respectively; then 

xv >! >!' )8ysin*ul' 

thus cos ^=: cos ^ — ^--^r-3 — . 

or 

Suppose ii = -4' + tf; then 

cos ^ = cos ^' — sin il^ approximately j 

xr i. zj )3ysin^' ^S' 

therefore ^ = ^^ — = op; 
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where S denotes the area of the plane triangle whose sides are 
a, P, y. Similarly 

hence approximately 

r r 

8 
therefore — , is approximately equal to the spherical excess of the 

spherical triangle, and thus the theorem is established. 

It will be seen that in the above approximation the area of 
the spherical triangle is considered equal to the area of the plane 
triangle which can be found with sides of the same length. 

107. Legendre's Theorem may be used for the approximate 
solution of spherical triangles in the following manner : 

(1) Suppose the three sides of a spherical triangle known ; 
then the values of a, /S, 7 are known, and by the formulse of 
Plane Trigonometry we can calculate S and A'y B\ C"; then 
J., By G are known from the formuUe 

A=A'^l,, 5=^ + ^, (7=0' + ^.. 

(2) Suppose two sides and the included angle of a spherical 
triangle known, for example Ay by c. Then 

S = ifiymiA'=^/3yBaiLA approximately. 

Then A' is known from the formula A' = A — -^-^. Thus in the 

or 

plane triangle two sides and the included angle are known; 
therefore its remaining parts can be calculated, and then those 
of the spherical triangle become known. 



OK CSBBTAIN A: 

(3) Sappose two tddes a 
in a spherical triangle know] 

a 

and (7'= ir-il'- ^= IT - il - J 
Hence A' is known and the ] 
sides and the angle opposite 

(4) Suppose two anglei 
cal triangle known, for exam 

y* sin A' i 

Then vo=-7r-~: — 7-37- 
2sm{A - 

Hence in the plane triangle 
known. > 

(5) Suppose two angles 
in a spherical triangle knowi 

which can be calculated, i 
known. 

108. The importance oj 
tion of Spherical Trigonome 
surface has given rise to som 
to test the degree of exacti 
finish the present chapter wi 
will serve as exercises for i 

proximately the spherical € 

begin with investigating a 
spherical excess. 
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109. To find cm approximate value of the spherical eoooe^ 

Let E denote the spherical excess ; then 

. ,- sin 4a sin 46 sin 

8inii^ = ~ r > 

* cos^c 

therefore approximately 

therefore J^ = sin C ^ (l -h ^^ ^^^ ^ (1), 

and sinO=sin((7'+J^) = sin(7' + i-^cosC" 

. ^, sin C cosV a)S . ^, /. ^ cf+P'-y\ .„. 

From (1) and (2) 

Hence to this order of approximation the area of the spheri- 
cal triangle exceeds that of the plane triangle by the fraction 

— J] o ' of the latter. 

RIU .A 

110. To,find(mapproimnatevahieo/-. — ^. 

Sin A _ sin a _ 

, . ., sin^ ' ^ V ~ 6? '^ m?) 

hence approzuuately ^_g=__^_-_ 

^ V 6r' "^ 120rV 
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/3\ ^?^ 120r* * ^ — ^/ 

111. ^o express ootB^cotA approodmaklf/, 

CGtB'-cotA = -. — -(cos-S-55_^cosi4): 

sin-fi^ sm-4 ^' 

hence, approximateljy hj Art 110^ 

cotJB-cotil = -; — ij (cos -5 - — cos il -£ ^ ZT Qo&A\ 

sm jB ^ a a 6r* ^ 

Now we have shewn in Art. 106, that approximatelj 

therefore cos ^ - — cos ii = approximately, 

and cot-5-cotil = r^ r^ ^ ,^, — 

ay sm ^ ay sin i» 12r^ 



-iS* 



ay 



sin^ 



V i2;^~; • 



112. The approximations in Arts. 109 and 110 are true so 
£str as terms involving r^ ; that in Art. Ill is true so fiu* as 
terms involving r', and it will be seen that we are thus able 
to carry the approximations in the following article so far as 
terms involving r\ 
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113. To find cm approximaie value of the error in the length 
of a side of a spherical triangle tohen calculated hy Legendre^s 
Theorem. 

Suppose the side /3 known and the side a required ; let Zfi de- 
note the spherical excess which is adopted. Then the approximate 

value —. — 7^5 — ^ is taken for the side of whidi a is the real 
sm (^ — /m) 

value. Let x = a : — ^^5 ?- : we have then to find x ap- 

sin(-a-/ii) ^ 

proximately. Now approximately 

. , . . sin ^ — u cos -4 — ^ sin ii 
sm (^ — ft) _ ^ 



sin^ 
sin^ 



(1 - M cot 4 - ^^ (1 - ,» 00k i? - 1*)"' 



= -r—jA 1 + fi (cot i? - cot ii) + fi* cot^ (cot-5 - cot A)\ 
sin^ fisin^, ,^ . ^x/i ^ 7>x 

Also the following formidfle are true so far as terms involv- 



ing r\ 



sin A a (y jS* — a 
sin^ 






ay Sin ^ V 12r / 

l.H,^coti?=l+ ^^ ^ . 

Hence, approximately, 

^(cot^-cotii)(l-f-/iicot^= /T^p . 



Therefore x = a — 



ON CERTAIN APPROXIMATI 
)8 sin -4 fjL (a* - 



sin B -y sii 



__ a(i3'-a') ( 6/ii _ 1_ 3a^ 
6 lay sin ^ r'"*" 60 

If we calculate /a from the formula /i 

a08'-a')(3a'-' 
360r" 

If we calculate /a from an equatioi 
Art 109, we have 

ay sin B /, M' - 

a (iS* - a') (a' + iS* - 
therefore a; = -^^ ^^^^-5 



MISCELLANEOUS EXAM 

1. If the sides of a spherical triang" 
B', C, so that BB', CO' are the semi 
respectively, prove that the arc B^C will 
centre of the sphere equal to the angle 1 
and AC. 

2. Deduce Legendre's Theorem fror 

J ii _ sin ^ (a + 6 - c) sin 1 
2 sin i{h + c — a) sin 

3. Four points A, B, C, D on the 
joined by arcs of great circles, and Ey 
of the arcs AC, BD ; shew that 

cos AB + cos BC T cos CD + cos DA = 

4. If a quadrilateral ABCD be insc 
a sphere so that two opposite angles A 

T.S.T. 
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extremities of a diameter the sum of the cosines of the sides is 
constant. 

5. ABC is a spherical triangle each of whose sides is a quad- 
rant^ P any point within the triangle ; shew that 

COB PA cos PB cos FC + cot £FC cot CPA cot AFB = 0, 
and tan ABP tan BGP tan CAP = 1. 

6. If be the middle point of an equilateral triangle ABCy 
and P any point upon the surface of the sphere, 

l{t&aPOtaiLOAy{coaPA + cosPB + coQPCy = 
cos'PA+cos'PB+coefPC-cosPAcoaPB-^oePBcoaPC-coQPCcoaPA, 

7. If ABC be a triangle having each side a quadrant, O the 
pole of the inscribed circle, P imy point on the sphere, then 

(cos PA-^coaPB+coa PC)' = 3 coa'PO. 

8. From each of three points on the surface of a sphere arcs are 
drawn on the sur£su;e to three other points situated on a great 
circle of the sphere, and their cosines are a,bfC; a', 6', c' ; a'\ h'\ cf\ 
Shew that 

o^V + ahc' + a'h'c = a6 V + aV'c + a he, 

9. Prove the following approximate formula (Arts. 110, 111), 

Of 

log)8 = log a + log sin -5- log sin il + ^ (cotil - cot B), 

10. By continuing the approximation in Art 106 so as to 
include the terms involving r^ shew that approximately 

. ., jSy sinM^ . ffy (g* ~ 3)3'- 3y«) s in' Al 

cos A = cos £l — * ^ , — + — ^-^^ v;^- - ^ ' - — ^ 

6r* 180r* 

11. From the preceding restdt shew that if -4 = -4' + fl then 
approximately 

_ jgy Bin A / 7/3' + 7/ + g' N 
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X. GEODETICAL OPERATIONS. 

114. One of the most important applications of Trigono^ 
metry, both Plane and Spherical, is to the determination of the 
figure and dimensions of the Earth itself, and of any portion of its 
sorface. We shall give a brief outline of the subject, imd for 
further information refer to Woodhouse's TrigowytiM^^ to the 
article TrigonameX/rical Swrvey in the Penny Cyclopcediay and to 
Airy's treatise on the Figv/re of the Ea/rth in the JSncyclapcBdia 
MetropoUkma, For practical knowledge of the subject it will be 
necessary to study some of the published accounts of the great 
surveys which have been effected in different parts of the world, 
as for example, the Accoimt of the measu/rement of two sections 
of the Meridional cMre of India, by lieut. Colonel Everest, 1847; 
or the Account of the Ohservaiions and Cdlctdations of the Prin- 
cipal Triam^gvlaMons in the Ordmamce Survey ofOreaJt Britain and 
Irdamd, 1858. 

115. An important part of any survey consists in the mea- 
surement of a horizontal line, which is called a hase, A level plain 
of a few miles in length is selected and a line is measured on it with 
every precaution to ensure accuracy. Bods of deal, and of metal, 
hollow tubes of glass, and steel chains, have been used in different 
surveys ; the temperature is carefully observed during the opera- 
tions, and allowance is made for the varying lengths of the rods 
or chains, which arise from variations in the temperature. 

116. At various points of the country suitable stations are 
selected and signals erected ; then by supposing lines to be drawn 
connecting the signals, the country is divided into a series of 
triangles. The angles of these triangles are observed, that is, the 
angles which any two signals subtend at a third. For example, 
suppose A and B to denote the extremities of the hase^ and G a 
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fiignal at a third point visible from A and B ; then in the triangle 
ABC the angles ABG and BAG are observed, and then AG a,nd BC 
can be calculated. Again, let Z> be a signal at a fourth point, 
such that it is visible from C7 and A ; then the angles AG J) and 
GAD are observed, and as AG is known, GB and AD can be 
calculated. 

117. Besides the original hose other lines are measured in 
various parts of the country surveyed, and their measured lengths 
are compared with their lengths obtained by calculation through a 
series of triangles from the original base. The degree of close^ 
ness with which the measured length agrees with the calculated 
length is a test of the accuracy of the survey. During the pro- 
gress of the Ordnance Survey of Great Britain and Ireland, lines 
have been measured in various places ; the last two are one near 
Lough Foyle in Ireland, which was measured in 1827 and 1828, 
and one on Salisbury Plain, which was measured in 1849. The 
line near Lough Foyle is nearly 8 miles long, and the line on 
Salisbury Plain is nearly 7 miles long ; and the difference between 
the length of the line on Salisbury Plain as measured and as 
calculated from the Lough Foyle base is less than 5 inches {An 
Account of the ObservcUions, <fec. page 419). 

118. There are various methods of effecting the calculations 
for determining the lengths of the sides of all the triangles in the 
survey. One method is to use the exact formulae of Spherical 
Trigonometiy. The radius of the Earth may be considered knoiin) 
very approximately ; let this radius be denoted by r, then if a be 
the length of any arc the circular measure of the angle which the 

arc subtends at the centre of the earth is - . The formula of 

r 

Spherical Trigonometry give expressions for the trigonometricai 
functions of - , so that - may be found and then cu Since in 

T T 

practice - is always very small, it becomes necessary to pay 



(^EODETICAL OPERATIONS, 85 

attention to the methods of securing accuracy in calculations 
which involve the logarithmic trigonometrical functions of small 
angles (Plane Trigonometry/, Art. 205). 

Instead of the exact calculation of the triangles by Spherical 
Trigonometry, various methods of approximation have been pro- 
posed ; only two of these methods however have been much used. 
One method of approximation consists in deducing from the angles 
of the spherical triangles the angles of the chordcU triangles, and 
then computing the latter triangles by Plane Trigonometry (see 
Art. 105). The other method of approximation consists in the 
use of Legendre's Theorem (see Art 106). 

119. The three methods which we have indicated were all 
used by Delambre in calcidating the triangles in the French 
survey (Base du Systhm Metrique, Tome iii. page 7). In the 
earlier operations of the Trigonometrical survey of Great Britain 
and Ireland, the triangles were calculated by the chord method ; 
but this has been for many years discontinued, and in place of it 
Legendre's Theorem has been universally adopted {An Account of 
the Observations, 4&c. page 244). The triangles in the Indian 
Survey are stated by Ideut. Colonel Everest to be computed on 
Legendre's Theorem. 

120. If the three angles of a plane triangle be observed, the 
fact that their sum ought to be equal to two right angles affords a 
test of the accuracy with which the observations are made. We 
shall proceed to shew how a test of the accuracy of observations of 
the angles of a spherical triangle formed on the Earth's surface 
may be obtained by means of the spherical exceM, 

121. The area of a spherical triangle formed on the EartKs 
sv/rface being knotvn in squa/refeet, it is required to establish a rule 
for compvling the spherical excess in seconds. 

Let n be the number of seconds in the spherical excess, s the 
number of square feet in the area of the tciam^l^^ t \k^ xi;N)ss^a^ ^H. 
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feet in the radius of the EartL Then if ^ be the circular mear 
sure of the spherical excess, 

*^^ ^= 18oTo.60 = 20&65 ^PP^o^^^^i 



therefore 8 = 



206265 • 



Now bj actual measurement the mean length of a degree on 
the Earth's surface is found to be 365155 feet ; thus 



'^ = 365155, 



180 



With the value of r obtained from this equation it is found by 
logarithmic calculation, that 

log w = log «- 9.326774. 

Hence n is known when s is known. 

This formula is called General Boy's rule, as it was used by 
him in the Trigonometrical survey of Great Britain and Ireland. 
Mr Davies, however, claims it for Mr Dalby. (See Hutton's 
Cowrse of McUhematics^ by Davies, YoL n. p. 47). 

122. In order to apply General Roy's rule, we must know 
the area of the spherical triangle. Now the area is not known 
exactly unless the elements of the spherical triangle are knowi 
exactly ; but it is found that in such cases as occur in practice as 
approximate value of the area is sufficient. Suppose, for example, 
that we use the area of the "plwne tria/ngh considered in Legendre's 
Theorem, instead of the area of the Spherical Triam^le itsdf; 
then it appears from Art. 109, that the error is approximately 

denoted by the fraction — ^^-g — ^ of the former area^ and this 

fraction is less than -0001, if the sides do not exceed 100 miles 
in lengtL Or again, suppose we want to estimate the influence 
o£ errark in the angles on the calculation of the area ; let the 
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circular measure of an erro 

... a)3sin(C4- 
we ought to use -^ ^ 

approximatelj the ratio exp: 
observatioiis h will not ex( 
seconds, so that, if (7 be not 
sensible. 

123. The follpwing ezai 
the triangles of the English s 
imters. The observed an^ 
42". 2'. 32", 67^55^39", 7C 
in the observations is require 
angle ii to be 27404*2 feet. 

a' sin ^ sin , 

that n = '23. Now the sum 
and as it ought to have beei 
of the errors of the observai 
be distributed among the o1 
the opinion of the observer 
each of the observed angles 
angles thus corrected for the 

124. An investigation 
form of a triangle, in whi( 
angles will exercise the least 
and although the reasoning 
deserving of the attention 
angles of a triangle observe 
required to find the form oi 
aides may be least affected 
spherical excess of the trii 
sufSicient accuracy for pract 
angles does not exceed two 
excess, let these angles be al 
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each, so as to make their sum correct Let A, By Che the angles 

thus furnished by observation and altered if necessary ; and let 

8ii, SB and W denote the respective errors of A, B and C. Then 

&A + BB + SC= 0, because by supposition the sum of A, B and 

is correct. Considering the triangle as approximately plane, the 

. .. ., . asin(C+8C) ^. . . asin((7 + «7) 
true value of the side c is —. — 7-^ — s-rr > *hat is, -; — / a \st% — stTv • 

sm {A + 6A) ' ^ sin (-4 - d-ff - W) 

Now approximately 

sin (C + 8C) = sin (7 + 8(7 cos (7, {PUme Trig.^ Chap, xil), 
sin(il-85-8(7) = sinil~(85+8(7)cosil. 

Hence approximately 

asin C '' ^ ^ ^"^ 



c = 



sinul 

a sin (7 
sin^ 



{l + 8(7cotc|{l-(8^4.8(7)cotiiy 
|l 4- 8i?cotil + 8(7 (cot (7 + cot J)| ; 



jx/7 x>|8i^(^-'-C) smi? -xi 

and cot C7 4- cot -4 = -; — \—. — ^ = -; — -r—. — y. approximately. 

sm -4 sm G sin-4 sm 6 ^ 

Hence the error of c is approximately 

a sin i? «^ a sin G cos -4 ^ „ 
sm A sin -4 

Similarly the error of 5 is approximately 

a sin (7 « J, a sin i? cos -4 ^^ 

— : — 5—7- OJj + . a . €>(/. 

sm -4 sm -4 

Now it is impossible to assign exactly the signs and magnitudes 
of the errors hB and 8(7, so that the reasoning must be vague. It 
is obvious that to make the error small sin A must not be small 
And as the sum of hA, hB and 8(7 is zero, two of them must have 
the same sign, and the third the opposite sigDf ; we may therefore 
consider that it is more probable that any two as hB and 8(7 have 
different signs, than that they have the same sign; 
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If SB and 8(7 have difTerent signs the errors of b and c will 
)e less when cos A is positive than when cos A is negative; 
L therefore ought to be less than a right angle. And if SB and 
C are probably not very different, B and C should be nearly 
quaL These conditions will be satisfied by a triangle differing 
LOt much from an equilateral triangle. 

If two angles only, A and B, be observed, we obtain the same 
xpressions as before for the errors in b and c; but we have 
lO reason for considering that SB and SO are of different signs 
ather than of the same sign. In this case then the supposition 
hat A la a, right angle will probably make the errors smallest. 

• 

125. The preceding article is taken from the Treatise on 
trigonometry in the Encydopcedia MetropclUoma. The least 
atis&ctory part is that in which it is considered that SB and SO 
lay be supposed nearly equal ; for since 8^ + 8i? + 8C= 0, if we 
oppose SB and 8(7 nearly equal and of opposite signs, we do in 
ffect suppose 8-4 = nearly ; thus in observing three angles, we 
appose that in one observation a certain error is made, in a 
econd observation the same numerical error is made but with 
n opposite sign, and in the remaining observation no error is 
lade. 

126. We have hitherto proceeded on the supposition that the 
Harth is a sphere; it is however approximately a spheroid of small 
ccentricity. For the small corrections which must in consequence 
•e introduced into the calculations we must refer to the works 
amed in Art. 114. One of the results obtained is that the error 
aused by regarding the Earth a£ a sphere instead of a spheroid in- 
reases with the departure of the triangle from the well-conditioned 
r equilateral form {An Account of the Observations, &c. page 243). 
Inder certain circumstances the spheiical excess is the same on a 
pheroid as on a sphere {Figwre of the Ea/rth, pages 198 and 215). 

127. In geodetical operations it is sometimes required to de- 
ermine the horizontal angle between two points, which are a.t ^ 
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small angular distance from the horizon, the angle which the 
objects subtend being known, and also the angles of elevaticm 
or depression. 




Suppose OA and OB the directions in which the two points 
are seen from ; and let the angle AOB be observed. Let OZ 
be the direction perpendicular to the observer's horizon ; describe 
a sphere round as a centre, and let vertical planes through OA 
and OB meet the horizon in OC and OD respectively ; then the 
angle COD is required. 

l,etAOB = e, COD = 0-^x, AOC = h, BOD = k; from the 
triangle AZB 

cos tf — cos ZA cos ZB cos - sin A sin k 



cos AZB = 



sin ZA sin ZB 



coah COS& 



and COS AZB = COB COD = cos {6 -hx); thus 



,^ . cos tf — sin A sm k 

cos (6 + x) = r = . 

^ ^ cos h cos K 

* 

This formula is exact; by approximation we obtain 

cos O — hk 



COS 6 - X sin 6 = 



l-i(A« + AO' 
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therefore a; sin 6 = W:- i (A* + ^') cos tf, nearly, 

_ 2hk-{V + ¥) (cos' ^g~ sin' ^ g) 

= i(^ + A;)'tanitf-i(^-A;)'cotift 

This process, by which we find the angle GOD from the angle 
AOBj is called redtidng cm cmgle to the horizon. 



XL ON SMALL VAEDLTIONS IN THE PARTS OF 
A SPHERICAL TRIANGLE, AND ON THE CON- 
NEXION OF FORMULAE IN PLANE AND SPHE- 
RICAL TRIGONOMETRY. 

128. It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any small error which may exist in the 
given parts. We wiU here consider an example. 

129. A aide and the opposite angle of a spherical triangle 
remain consta/nt^ determine the connexion between the small va/ria- 
tions qfam/y other pair of elefmervts. 

Suppose C and c to remain constant. 

(1) Required the connexion between the small variations of 
the other sides. We suppose a and h to denote the sides of one 
triangle which can be formed with C and c as fixed elements, and 
a + Sa and h + hh to denote the sides of another such triangle; 
then we require the ratio of 8a to 86 when both are extremely 
small. We have 

cos c = cos a cos & + sin a sin 5 cos C> 

and cos c = cos (a + 8a) cos (6 + 86) + sin (a + 8a) sin (6 + 86) cos (7; 

also cos (a + 8a) = cos a — sin a 8a, nearly, 

and sin (a + 8a) = sin a + cos a 8a, iieeA:!^) 
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with similar formulse for cos (5 + db) and sin (6 + Sb). (See Flam 
Trigonometry^ Chap. xii.). Thus 

cos c = (cos a — sin a 8a) (cos h — sin h hh) 

+ (sin a + cos a 8a) (sin 6 + cos 6 85) cos C 

Hence by subtraction, if we neglect the product 8a 85, 
= 8a (sin a cos h — cos a sin h cos (7) 

+ 85 (sin 5 cos a — cos 6 sin a cos C); 

this gives the ratio of 8a to 85 in terms of a, 5, G, We may 
express the ratio more simply in terms of A and B] for, dividing 
by sin a sin 5, we get from Art. 44, 

cot ^ sin (7 + - — 7 cotii sin (7 = ; 



sin a sin 5 

therefore 8a cos ^ + 85 cos -4 = 0. 

(2) Required the connexion between the small variations of 
the other angles. In this case we may by means of the polar 
triangle deduce from the result just found, that 

8.i cos 5 + hB cos a = ; 
this may also be found independently as before. 

(3) Required the connexion between the small variations 
of a side and the opposite angle {A, a). 

Here sin A sin c = sin C sin a, 

and sin (il + hA) sin c = sin (7 sin (a + 8a) ; 

hence by subtraction 

cos A sin c 8-4 = sin G cos a8a, 
and therefore 8^1 cot A = ha cot a. 

(4) Required the connexion between the small variations of 
a aide and the adjacent angle (a, B), 



PABTS OF A SPHERICAL 
We liave cot (7 am JB = cot c sin a 
proceeding as before we obtain 

cot C cos BSJB = cot c COB a 8a + cos B 
therefore 

(cot C cos i? - cos a sin iB) 8i? = (cot c 

therefore — ; — 7= SB = -A- 

sin C sin < 

therefore 8i?cosil =- 8a cot 6 

130. Some more examples will be 
posed for solution at the end of this ch 
difficidtj they are left for the exercise oj 

131. From any formvla in Spheric 
the elements of a triangle^ one of tliem I 
to deduce the corresponding formula i/n I 

Let a, )3, y be the lengths of the s 

radius of the sphere, so that - , . ~ , - 

•■• ' r r r 

of the sides of the triangle ; expand 

which occur in any proposed formula 

respectively ; then if we suppose r to 
the limiting form of the proposed forr 
Plane Trigonometry. 

For example, in Art. 106, from the 

, cos a — cos 

cos -d = . - . 

smo SI 

we deduce 



2i8y "^ 24^ 
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now suppose r to become infinite j then ultimately 

and tlds is the expression for the cosine of the angle of a plane 
triangle in terms of the sides. 

Again, in Art. 110, from the formula 

sin -4 _ sin a 
sin B sin h 

- , sin -4 a a(j3' — a") 
we deduce -; — p=-5+ ao^ -^ > 

now suppose r to become infinite; then tdtimately 

sin A a 
^nB^P' 

that is, in a plane triangle the sides are as the sines of the oppo- 
site angles. 
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1. In a spherical triangle, if G and c remain constant while 

a and b receive the small increments &» and Sb respectiTely, shew 

that 

Sa Sb . , sinC 

""77i a - a \ + "Iri a • a ii = ^ Wnere W = —. . 

^{l - n sin' a) ,J(l — n sin b) sin c 

2. If G and c remain constant, and a small change be made 
in a, find the consequent changes in the other parts of the tri- 
angle. Find also the change in the area. 

3. Supposing A and c to remain constant, prove the following 
equations, connecting the small variations of pairs of the other 
elements, 

sinC85 = sina8^, 86 sin C = - 8C tan a, 8a tan C = 8^ sin a, 
&»tan(7 = -8Ctana, 86cosC = 8a> 8^ cos a = - 8(7. 



EXAM 

i. Supposing b and c to rem 
equations connecting the small 
elements, 

8^tanC=8(7tan^, 

Sa = sin c sin BhAy 

5, Supposing JB and C to re: 
ing equations connecting the s 
other elements, 

Sb tan c = Sc tan b, 

S^ = 8a sin & sin C, 

6. From the formula sin ^ 

duce the formula for the area 
a' sin j9 sin (7 

2 siuii 
creased. 



, when the radius 



7. If A and G are constant 
quantity, shew that a will be in 
as c is less or greater than a qi 

8. Two spherical triangles ^ 
differ slightly in position; prove 

cos A£b cos BGc cos GAa + cc 

9. What formulfle in Plane T 
Napier's Analogies; and what fro 

10. From the formula 

c A + £ 
cos 5 cos — X — = 

deduce the area of a plane triang] 
of the angles. 

11. What result is obtained 
supposing the radius of the sphere 
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XII POLYHEDRONS. 

132. A polyhedron is a solid bounded by any number of 
plane rectilineal figures which are called its fiMses. A polyhedron 
is said to be regula/r when its fiices are similar and equal regular 
polygons, and its solid angles equal to one another. 

133. 7/* S he the number of solid angles in omy polyhedron^ 
F the number of its faces, E the nwmber of its edges, then 

S + F = E 4- 2. 

Take any point within the polyhedron as centre, and describe 
a sphere of radius r, and draw lines from the centre to each of the 
angular points of the polyhedron ; let the points in which these 
lines meet the surface of the sphere be joined by arcs of great 
circles, so that the surface of the sphere is divided into as many 
polygons as the polyhedron has faces. 

Let s denote the sum of the angles of any one of these poly- 
gons, m the number of its sides ; then the area of the polygon is 
r*{5-(m-2)7r} by Art. 99. The sum of the areas of all the 
polygons is the surface of the sphere, that is, iirr^. Hence since 
the number of the polygons is F, we obtain 

47r = 2« — ttSw + 2Fir, 

Now 2^ denotes the sum of all the angles of the polygons, and 
is therefore equal to 27r x the number of solid angles, that is, to 
2TrS ; and ^m is equal to the number of all the sides of all the 
polygons, that is, to 2F, since every edge gives rise to an arc 
which is common to two polygons. Therefore 

iir = 27rS - 2TrE + 2FTr ; 

therefore ^ + ^=-^+2. 
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134. Th^e ccm he (yidy Jhe regvla/r polyhedrons. 

Let m be the number of sides in each fece of a regular poly- 
hedron, n the number of plane angles in each solid angle; then 
the entire number of plane angles is expressed by mF, or riS, or 
2E', thus 

mF=nS = iU, and S-^F=E-^2; 



from these equations we obtain 



.8'= 



4m 



F= 



2mn 



2(m + n) — mn ' 2 (m + %) — mn ' 



F^ 



4n 



2 (W + %) — 1)171 



These expressions must be positive integers, we must therefore 
have 2 (w» + w) greater than Tim; therefore 



— h - must be greater than X\ 



1 



but n cannot be less than 3, so that - cannot be greater than J, 

and therefore — must be greater than \\ and as m must be an 

int^er and cannot be less than 3, the only admissible values of m 
are 3, 4, 5. It will be found on trial that the only values of m 
and n which satisfy all the necessary conditions are the following; 
each regular polyhedron derives its name from the number of its 
plane &<;es. 



m 
3 


n 
3 


B 
4 


E 
6 


F 
4 


Name of regular Polyhedron. 


Tetrahedron or regulai* Pyramid. 


4 


3 


8 


12 


6 


Hexahedron or Cube. 


3 


4 


6 


12 


8 


Octahedron. 


5 


3 


20 


30 


12 


Dodecahedron. 


3 


5 


12 


30 


20 


loosahedron. 



T. S. T. 



^ 
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135. Th£ swnh of cM the plane angles which form the solid 
cmglea of any polyhedron is 2{S-2)Tr. 

For if m denote the number of sides in any fiice of the poly- 
hedron, the sum of the interior angles of that face is (tti — 2) ir 
by Euclid i. 32, Cor. 1. Hence the sum of all the interior angles 
of all the faces is S (w - 2) tt, that is Sthtt - 2^ir, that is* 
2{E-F)'jr, that is 2{S-2)ir, 

136. Tofmd the inclination of two adjacewb faces of a regvlar 
polyhedron. 




Let AB be the edge common to the two adjacent &ces, C and 
D the centres of the faces; bisect AB in E an(^ join GE and DE] 
CE and DE will be perpendicular to AB, and the angle CEB is 
the angle of inclination of the two adjacent faces; we shall denote 
it by /. In the plane containing GE and BE draw CO and BO 
perpendicular to GE and BE respectively, and meeting in 0; 
about as centre describe a sphere meeting OA, OG, OE in a, c^ e 
respectively, so that coe forms a spherical triangle. Since AB is 
perpendicular to GE and BE, it is perpendicular to the plane 
GEB, therefore the plane AOB which contains AB is perpendicular 
to the plane GEB ; hence the angle cea of the spherical triangle is 
a right angle. Let m be the number of sides in each face of the 
polyhedron, n the number of the plane angles which form each solid 

angle. Then the angle ace = iiCJ^ = ^— = — ; and the angle 
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cae ifi half one of the n equal angles foi 

that is. coe = ^r— = - . Prom the right- 
2n n ° 



that is 



therefore 



cos ca>e 


= 


cos 


cO 


cos 


n 


= 


cos 


(1 


sin 


I 
2 


= 


COS 


TT 

n 


sin 


TT 

m 



137. To find the radii of the \ 
spheres of a regula/r polyhedron. 

Let the edge AB = a, let 00 -r 
the radius of the inscribed sphere, 
circumscribed sphere. Then 



Ci^= ii^ cot .iC^ = ^ cot-, 

2 m 

r = 0£tsji OEO = C^ tan^ 



also r —R cos aOc = R cot eca cot 



therefore R = r tan — tan - = h tan ^ b 

m ra 2 2 



138. Tojmd the vwrfoxe cmd volu 

The area of one face of the pol 

therefore the sur&ce of the polyhedron 
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AJbo the volume of the pyramid which has one &ce of the 

T TM^ IT 

polyhedron for base and for vertex is -^ . —7- cot — , and 
therefore the volume of the polyhedron is — ^s — cot — . 

139. To find the volume of a parcUlelopiped in terms of its 
edges and their inclinations to one cmother. 




Let the edges hQ OA=a, OB = h^ OG = c; let the inclinations 
be BOC = a, COA = p, AOB = y. Draw GB perpendicular to the 
plane AOB meeting it in B. Describe a sphere with O as a 
centre, meeting OA, OB, OC, OB in a, 6, c, e respectively. 

The volume of the parallelopiped is equal to the product of its 
base and altitude = absmy, CB = aha sin y sin cOe, The spherical 
triangle cae is right-angled at e ; thus 

sin cOe = sin cOa sin cc^ = sin )9 sin cab, 

and from the spherical triangle cah 

, J(l -cos'a-cos')8-cos'y+2cosacosi8 cosv^ 
sin cab = -^Li 1_ — , ' __£l u, . 

sinp smy ' 

therefore the volume of the parallelopiped 

= a6c ^(1 - cos* o- cos' )3-co8'y + 2cos a cosjS cosy). 
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140. To Jmd the diagonal of a parcUldopiped m iermt of the 
three edges which it meets <md their indvnatione to one (mother. 




Let the edges be OA = a, OS = 6, 00 = c ; let the inclinations 
be BOC^a, COA = p, AOB = y. Let OD be the diagonal re- 
quired, and let OJS be the diagonal of the &oe OAB. Then 

Oiy=OE^ + ED^ + 20E.EDcmGOE 

= a'+ 6* 4- 2a5 cos y+ 0"+ 2cO^ cos COS. 

Describe a sphere with as centre meeting OA, OB, 00, OE 
in a, b, c, e respectively; then (see example 14, Chap, iv.) 

cos cOb sin aOe + cos cOa sin bOe * 



cos cOe = 



sin aOb 



therefore 



_ cos a sin aOe + cos j8 sin bOe ^ 

siny ' 



2cOE 

Ojy = a' + 6* + c* + 2o6 cos y + — : (cos a sin aOe + cos j3 sin bOe), 

' siny ^ ' 

and OE sin aOe = 5 sin y, OE sin bOe = a sin y; 

therefore OD' = a* + 6' + c* + 2cfh cos y + 2bc cos a + 2ea cos fi. 

141. To find the volwm/e of a tetrahedron, 

A tetrahedron is one-sixth of a parallelepiped which has the 
same altitude and its base double that of the tetrahedron ; thus if 
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the edges and their inclinations are given we can take one-sixth 
of the expression for the volume in Art 139. The volume of a 
tetrahedron may also be expressed in terms of its six edges ; for 
in the figure of Art 139 let ^C = a', CA=^h\ AB = c'i then . 

and if these values are substituted for cos a, cosj3, and cos y in 
the expression obtained in Art 139, the volume of the tetrahe- 
dron will be expressed in terms of its six edges. 



EXAMPLES. 

1. If / denote the inclination of two adjacent &ces of a 
regular polyhedron, shew that cos/=^ in the tetrahedron, =0 
in the cube, = — ^ in the octahedron, = — ^ ^5 in the dodecahe- 
dron, and = — ^^5 in the icosahedron. 

2. With the notation of Art. 136, shew that the radius of 
the sphere which touches one face of a regular polyhedron and all 

the adjacent faces produced is ^ a cot — cot ^7. 

3. A sphere touches one face of a regular tetrahedron and 
the other three fitces produced; find its radius. 

4. If a and h are the radii of the spheres inscribed in and 
described about a regular tetrahedron, shew that h = 3a. 

5. If a is the radius of a sphere inscribed in a regular tetra- 
hedron, and B the radius of the sphere which touches the edges, 
shew that i?* = 3a*. 

6. If a is the radius of a sphere inscribed in a regular tetra- 
hedron, and R the radius of the sphere which touches one face and 
the others produced, shew that JR^ = 2a. 

7. If a cube and an octahedron be described about a given 
sphere, the sphere described about these polyhedrons will be the 
same) and conversely. 
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8. If a dodecahedron and an icosahedron be described about 
a given sphere, the sphere described about these polyhedrons wMl 
be the same; and conversely. 

9. A regular tetrahedron and a regular octahedron are in- 
scribed in the same sphere; compare the radii of the spheres 
which can be inscribed in the two solids. 

10. The sum of the squares of the four diagonals of a paralle- 
lopiped is equal to four times the sum of the squares of the 
edges. 

11. If with each angular point of any parallelopiped as cen- 
tres equal spheres be described, the sum of the intercepted por- 
tions of the parallelopiped will be equal in volume to one of the 
spheres. 

12. A regular octahedron is inscribed in a cube so that the 
comers of the octahedron are in the centres of the &ces of the 
cube ; prove that the volume of the cube is six times that of the 
octahedron. 

13. It is not possible to fill any given space with a number 
of regular polyhedrons of the same kind, except cubes ; but this 
may be done by means of tetrahedrons and octahedrons which 
have equal faces, by using twice as many of the former as of 
the latter. 

14. A spherical triangle is formed on the surface of a sphere 
of radius p ; its angular points are joined, forming thus a pyramid 
with the lines joining them with the centres; shew that the 
volume of the pyramid is 

^ p' i^(tan T tan r^ tan r, tan rj 

where r, rj, r,, r^ are the radii of the inscribed and escribed cir- 
cles of the triangle. 

15. The angular points of a regular tetrahedron inscribed in 
a sphere of radius r being taken as poles, four equal small circles 
of the sphere are described, so that each circle touches the other 
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three. Shew that the area of the snr&ce bounded hj each circle 

is 2^(1-^). 

16. If be any point within a spherical triangle ABC, the 
product of the sines of any two sides and the sine of the in- 
cluded angle 

= sin AO sin BO sin CO jcot AO sin BOC 

4. cot ^0 sin COA + cot CO sin AOb\. 

XIII. MISCELLANEOUS PROPOSITIONS. 

142. Tojmd the eg^uoMon to a smaU circle of ths sphere. 

Let be the pole of a small circle, S a fLsed point on the 
sphere, SX a fixed great circle of the sphere. Let 0S = a, 
OSX= p*y then the position of is determined by means of these 
angular co-ordinates a and p. Let P be any poinfc on the circum- 
ference of the small circle, FS = 6, PSX= ^, so that and ^ are 
the angular co-ordinates of P, Let OP = r. Then from the 
triangle OSP 

« 

cosr = cosa cos ^4- sin a sin^ cos(<^-)8) (1); 

this gives a relation between the angular co-ordinates of any point 
on the circumference of the circle. 

If the circle be a great circle then r = ^ ; thus the equation 

becomes 

= cos a cos ^ 4- sin a sin ^ cos (<^ — )8) (2). 

It will be observed that the angular co-ordinates here used are 
analogous to the latitude and longitude which serve to determine 
the positions of places on the Earth's surface; 6 is the complement 
of the latitude and <^ is the longitude, 

143. To fmd the locfos of the vertex of a spherical triangle 0/ 
given hose and area. 
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Let AS be the given base, = c i 
Since the area is given the spherical 
ithjE, then by Art. 103, 

cot i £ = cot ^ S cot i c CO 
therefore aim (<^ — ^E) — cot ^8 cot 

therefore 2 cot ^ c ain J ^ coa' - ^ sii 

therefore 

' oosd cot^cnn^f + sin^cosf^ 

Comparing this with equation (1) ol 
see that the reqviired locus is a circle. 
coordinates of its pole, we have 



cot^cBin^ 

It may be presumed from synmieti 
circle is in the great circle wLitli bi; 
and this presumption is ea^y y 
that great circle is 

= cos tf COB (I - + sin $ sin fl 

and the values 6 = a, ^ = P satisfy thi 

144. To fmd the angular dittancel 
insaribed and oircumacHbed circles of a li 

Let P denote tbe pole of the i 
of the circumscribed circle of a triiingli 
PAB^^A, and by Art. 92 QAIS - 
^coai{S-C); and 

cos PQ = cos PA cobQA + sin PA 
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Now, by Art 62 (see figure of Art 89), 

cos FA = cos FE cos AE = cos r cob (« — o), 

. p . _ sill FE _ sin r 

'''^^'^^miFAE'-^jA' 
thus 

cos FQ = cos E cos r cos {s — a) + sin i? sin r cos ^(5 — (?) cosec ^A 

= cosi? cosr cos (« — a) + sin i? sin r sin ^ (5 + c) cosec ^a, 

(Art 54) ; 

cosPO 
therefore — ^r-' — = ootr cos (s- a) + tani? sin i (6 + c) cosec A flk 
cosicsinr ^ ' «\ / s 

^^ sin « n 2 sin Aa sin 4^ sin ic 

Now cotr= , tan it = ^— , 

n n 

therefore ^ . = -•! sin« cos(«— a)+2sini(5+c) sinAdsinAc} 

cosi^sinr n^ ^ ' sv/» «j 

1 
= -zr- (sin a + sin 5 + sin c). 

Hence ( r» . ) -1 = -r-a(sina4-«in6-f sine)'— 1 

\cos K sin r/ 47i ^ ' 

= (cotr + tan Ef by (Art. 94) ; 
therefore * cos' FQ = cos' R sin* r + cos* {R — r), 

and sin' FQ = sin' (jB - r) - cos' B, sin' r. 

145. To find ike cmgula/r distomce bettoeen the pole of the 
circrmiscribed circle and the pole of one of the escribed circles of 
a tricmgle. 

Let Q denote the pole of the circumscribed circle, and Q^ the 
pole of the escribed circle opposite to the angle A» Then it may 
be shewn that QBQ^ = i^r + ^ (0- A), and 

cos QQ^ = cos i? cos rj cos (« — c) — sin i? sin r^ sin ^(C- -4) sec ^JS 

= cosi? cos r^ cos (s — c) — sin jB sin rj sin ^ (c — a) cosec ^(. 

Therefore 

; ^5 = cot r, cos (« - c) - tan i? sin i (c - a) cosec i b : 

in r, cos -B i \ / » \ y « ^ 



sin. J 



an 
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by reducing as in the preceding artici 
the last equation becomes 

^r- (sin 5 + sin c — 

hence f-i^^^i-V- 1 =(t 

\cos H BmrJ ^ 

therefore cos* QQ^ = cos* . 

and sin* QQ^ = sin* ( 

146. The arc which passes thro'< 
sides of any triangle upon a given ha 
in a Jlosed point, the distance of which 
base is a qaadranJt. 

Let ABC be any triangle, E the 
the middle point of AB\ let the arc 
produced meet BG produced in Q, T 

sin^g wlBFQ sir 

Bin J?i^ "^ sin BQF' sir 

sin BQ sin ^( 



therefore 



sin AQ sin B(^ 



. ., , sin C^ sin A{ 

therefore sin BQ = sin GQ \ theref 

Hence if B be the middle point 

BQ^\{BQ^Gi, 

147. If three arcs he drawn fr^ 
triangle through a/ny point to meet th 
of the sines of the dltemate segments oj 
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Let P be any point, and let arcs be drawn from the angles 
A, By G passing through P and meeting the opposite sides in 
D, E, F. Then 

^mBD ^nBPD em CD anCPD 



therefore 



sin^P emBBP' sin OP anCDP' 

am BJD _ ^nBPD anBP 
sin CD ~ sin GPD smCP* 



a- -1 • I. r J r si^ ^^ J sin -4P 

Similar expressions may be found for —. — 3-=^ wid -; — =r=: 
^ '' gin Aa sin BF 

and hence it follows obviously that 

sinJgjP sinC^ onAF _ 
am CD onAF BmBF~ ' 

therefore sin ^i> sin C^ sin ^IP = sin CD sin iL& sin^P. 

148. Conversely, when the points Z>, P, P in the sides of a 
spherical triangle are such that the relation given in the preceding 
article holds, the arcs which join these points with the opposite 
angles respectively pass through a com/num pavrU. Henoe the 
following propositions may be established : — ^the perpendiculars 
from the angles of a spherical triangle upon the opposite sides 
meet in a point; the lines which bisect the angles of a spherical 
triangle meet in a point ; the lines which join the angles of a 
spherical triangle with the middle points of the opposite sides 
meet in a point; the lines which join the angles of a spherical 
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triangle with the points where the inscribed circle touches the 
opposite sides respectively meet in a point. 

149. If AB and ATB' he a/ny two egual a/rcs, and the arcs 
AA' and BB' be bisected at right a/ngles by a/rca meeting in P, 
then AB and A'B' subtend equal angles at P. 



For PA = PA' and PB = PB \ hence the sides of the triangle. 
PAB are respectively equal to those of PA^B \ therefore the angle 
APE = the angle A^PB. 

This simple proposition has an important application to the 
motion of a rigid body of which one point is fixed. For conceive 
a sphere capable of motion roimd its centre which is fixed ; then it 
appears from this proposition that any two fixed points on the 
sphere, as A and B^ can be brought into any other positions, as 
A! and B^ by rotation round an axis passing through the centre of 
the sphere and a certain point P, Hence it may be inferred that 
any change of position in a rigid body, of which one point is fixed, 
may be efiTected by rotation round some axis through the fixed 
point. 

(De Morgan's DifferemUal amd Integral CalciUus, page 4^^)* 

MISCELLANEOUS EXAMPLB& 

1. Find the locus of the vertices of all right-angled spherical 
triangles having the same hypothenuse; and from the equation 
obtained, prove that the locus is a circle when the radius of the 
sphere is infinite. 
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2. AB is an arc of a great circle on the sur&ce of a sphere, C 
its middle point ; shew that the locus of the point F such that 
the angle AFC = the angle FFG consists of two great circles at 
right angles to one another. Explain this when the triangle 
becomes plana 

3. A point F being taken on the sur&ce of a sphere^ let 
i/r and ij/ denote its spherical distances from two given points ; if 
m cos ifz + m' cos ij/ is constant where m and m' are constant, shew 
that the locus of /* is a circle. 

4. On a given arc of a sphere, spherical triangles of equal 
area are described; shew that the locus of the angular point 
opposite to the given arc is defined by the equation 



( sind J t siii^ J 



tan ' {^-, -rV+tan ' {^—j T\r = A 

(sin (a + </>) J (sm (a — ^) J '^^ 



where 2a is the length of the given arc, the arc of the great 
circle drawn from any point F in the locus perpendicular to the 
given arc, ^ the inclination of the great circle on which is 
measured to the great circle bisecting the given arc at right 
angles, and P a constant. 

5. If 0, <l>y ij/ denote the distances from the angles Ay B, C 
respectively of the point of intersection of arcs bisecting the 
angles of the spherical triangle ABC, shew that 

cos ^ sin (5 — c) 4- cos ^ sin (c — a) + cos i/r sin (a — &) = 0. 

. 6. If A', B, C be the poles of the sides BC, CA, AB of & 
spherical triangle ABC, shew that the great circles AA\ JRB', CC 
meet in a point F, such that 

cos FA cos BC = cos FB cos CA = cos FG cos AB, 

7. If be the point of intersection of arcs AD^ BE^ OF 
drawn from the angles of a triangle perpendicular to the opposite 
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sides and meeting them in i>, E, F res 

tan AD tan BE 
tanOi)' tanO^' 

are respectively equal to 

- cosJ^ - COS-ff 

1+ ^, 75, 1 + 



cos 5'cos G ' cos A cos 

8. K jt?, g, r be the arcs of gre 
angles of a triangle perpendicular to 
{pi P)j (y> y) ^^ segments into whi 
shew that 

tan a tan a = tan fi tan ^S" 

- cos» COSO' 

and — > = ^ ^ 

COS a cos a COS p cos p 

9. In a spherical triangle if arcs 1 

the middle points of the opposite sic 

parts of the one which bisects the side 

sin a ^ a 
". — 7 = 2 COS ^ 
sin a Z 

10. The arc of a great circle bisei 
spherical triangle cuts £G produced in 

cos AQ sin ^ = sm — ^r- 

11. If ABGD be a spherical qua 
sides ABy GD when produced meet in . 
the ratio of the sines of the arcs drawi 
the diagonals of the quadrilateral is th 
fromi^. 

12. If ABGD be a spherical qu£ 
DG are produced to meet in P, and 
diagonals AG, BD intersect in R, th 

sin AB sin GD cos P - sin AD sin BG c 

1 3. If the arcs joining the extren 
rical triangle with the middle points 
equal, the triangle is isoscelea 
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14. The arc AP of a circle of the same radius as the sphere 
is equal to the greater of two sides of a spherical triangle, and 
the arc AQ taken in the same direction is equal to the less; the 

TfTLf 

sine PM of AP is divided in E, so that -^5^s> = the natural cosine 

PM 

of the angle included by the two sides, and EZ is- drawn parallel 

to the tangent to the circle at Q, Shew that the remaining side 

of the spherical triangle is equal to the arc QPZ,^ 

15. K through any point P within a spherical triangle ABC 
great circles be drawn from the angular points Ay E, C iA> meet 
the opposite sides in a, 5, c respectively, prove that 

sin Pa cos PA sin Pb cos P£ sin Pc cos PC 
sin^a sin Eb sin (7c 

16. A and E are two places on the Earth's surfiioe on the 
same side of the equator, A being further fix)m the equator 
than E, If the bearing of A from E be more nearly due East 
than it is from any other place in the same latitude as E, what is 
the bearing of E from A 1 

17. If the tangent of the radius of the; circle described, about a 
spherical triangle is equal to twice the tangent of the radius of the 
circle inscribed in the triangle, the triangle is equilateraj. 

18. From the result given in example 18 of Chapter v. infer 
the possibility of a regular dodecahedron. 



THE END. 
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14 NEW WORKS AND NEW EDITIONS, 

THE WORKS OF 

FREDERICK DENISON MAURIGE, M.A., 

Chaplain of LineoMt Inn, 

Exposition of the Holy Scriptures : 

(1.) The Patriarchs and Lawgivers. 6«. 

(2.) The Prophets and Kings. 10«. 6rf. 

(3.) The Gospels of St. Matthew, Mark, and Lake, and the 

Epistles of St. Paul, Peter, James, and Jude. 14«. 

(4.) The Gospel of St. John. 10«. 6rf. 

(5.) The Epistles of St. John. 7«. 6rf. 

Exposition of the Prayer Book : 

(1.) Sermons on the Ordinary Services. 6«. 6rf. 

(2.) The Church a Family : Being Sermons on the Occasional 

Services. 4«. ^d. 

Ecclesiastical History. 10«. M- 

The Lord's Prayer. " Third Edition. 2«. 6rf. 

The Doctrine of Sacrifice. 7*. ^d. 

Theological Essays. Second Edition. 10«. 6rf. 

Christmas Day, and other Sermons. 10*. 6rf. 

The Religions of the Worid. Third Edition. 5*. 

Learning and Working. 5*. 

The Indian Crisis. Five Sermons. 2*. 6rf. 

The Sabbath, and other Sermons. Fcp. 8vo. doth, 2*. ^d. 
Law on the Fable of the Bees. Fcp. 8vo. cloth, 4«. 6rf. 



The Worship of the Church. A Witness for the 

Redemption of the World. !*• 

The Word "Eternal" and the Punishment of the 

Wicked. Third Edition. 1*. 

Eternal Life and Eternal Death. l«. 6rf. 

The Name Protestant, and the English Bishopric at 

Jerusalem. Second Edition. 3«. 

Right and Wrong Methods of Supporting Pro- 
testantism. 1'. 
The Duty of a Protestant in the Oxford Election. 

1847. U 

The Case of Queen's College, London. l* 6rf. 

Death and Life, In Memoilam G.B.M, It. 

Administrative Reform. ^** 
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16 NEW WORKS AND NEW EDITIONS 

THEOLOGICAL MANUALS-continued. 

n. 

History of the Christian Church, during the Middle 
Ages and the Reformation (a.d. 590-1600). 

By Archdeacon Hardwick. 

2 vols, crown 8vo. 10*. Qd. each. 

Vol. I. History of the Church to the Excommunication of Luther. 
With Four Maps. 

Vol. II. History of the Reformation. 

Each Volume may be had separately. 

"Full in references and authority , systematic and formal in division^ with enough 
of life in the style to counteract the dryness inseparable from its breviiVf and 
exhibiting the results rather than the principles of investigation. Mb.. Habd- 
WICK w to be congratulated on the successful achievement of a difficult task" 
— Christian Remembrancer. 

" He has bestowed patient and extensive reading on the collection of his materials ; 
he has selected them with judgment ; and he presents them in an equable and 
compact style." — Spectator. 

"To a good method and good materials Mr. Hardwick adds that great virtue ^ 
a perfectly transparent style. We did not expect to find great literary aualities 
in such a manual^ but we have found them; we should be satisfiea in this 
respect with conciseness and intelligibility ; but while this book has bothy it is 
also elegant, highly finished, and highly itUeresting." — Nonconformist. 

III. 

History of the Book of Common Prayer, 

together with a Rationale of the several Offices. By Francis 

Procter, M.A., Vicar of Witton, Norfolk, formerly Fellow of 

St. Catharine's College, Cambridge. Third Edition, revised and 

enlarged. Crown 8vo. cloth, lOs, 6rf. 

" Mr. Procter's * History of the Book of Common Prayer' is by far the best 

eommenf0lf extant Not only do the present illustrations embrace the 

whole range of original sources indicated by Mr. Palmer, but Mr. Procter 
compares the present Book of Common Prayer with the Scotch and American 
forms; and he frequently sets out in full the Sarum Offices. As a manual of 
extensive information, historical and ritual, imbued with sound Church princi- 
ples, we are entirely satisfied with Mr. Procter's important volume." 

Christian Remembrancer. 

" It is indeed a complete and fairly-written history of the Liturgy; and from the 
dispassionate way in which disputed points are touched on, will prove to many 
troubled consciences what ought to be known to them, viz. : — that they may, 
without fear of compromising the principles of evangelical truth, give their assent 
and consent to the contents of the Book of Common Prayer, Mr. Procter has 
done a great service to the Church by this admirable digest** 

Chubah ot Enoland Quarterly 



CLiSS-BOOES FOR COLLEGES AND SCHOOLS, 

PUBLISHED BT 

MACMILLAN AND CO. 

GAMBBIDGE, 

AND 23, HENRIETTA STREET, COVENT GARDEN, LONDON. 

MATHEMATICAL. 
BY G. B. AIRY, M.A., F.R.S., 

Astronomer Royal. 

Mathematical Tracts on the Lunar and Planetary 

Theories. The Figure of the Earth, Precession and Nutation, 
the Calculus of Variations, and the Undulatory Theory of Optics. 
Fourth Edition, revised and improved. 8vo. cloth, 15«. 

BY R. D. BEASLEY, M.A 

Head Master of Chrantham Grammar School. 

An Elementary Treatise on Plane Trigonometry; 

with a numerous Collection of Examples, chiefly designed for the 
use of Schools and Beginners. Crown 8vo. cloth, 3«. Qd. 

BY GEORGE BOOLE, LL.D., 

Professor of Natural Philosophy in Queen's College, Cork. 

A Treatise on Differential Equations. Crown 8vo. cloth, 14*. 

BY W. H. DREW, MA., 

Second Master of Blackheaih Proprietary School. 

A Geometrical Treatise on Conic Sections. With a 

Copious Collection of Examples, embodying every Question 
which has been proposed in the Senate-House at Cambridge. 

Crown 8va cloth, 4is. Qd, 

BY HUGH GODFRAY, MA., 

St. John's College^ Cambridge. 

An Elementary Treatise on the Lunar Theory. With 

a brief Sketch of the History of the Problem up to the time of 
Newton. 8vo. cloth, 5*. Qd. 

BY A. R. GRANT, MA., 

H. M. Inspector of Schools. 

Plane Astronomy. Including Explanations of Celestial Phe- 
nomena, and Descriptions of AstiOTiom\Q«i\x\&Vc>3:Bb&'Q\&« "^^^.^^^ 



18 MATHEMATICAL CLASS-BOOKS, 

BT H. A. MORGAN, M.A., 

Fellow and Sadlerian Lecturer o/Jestu College^ Cambridge. 

A Collection of Problems and Examples set at Jesus 
College, Cambridge, during 1850 — 57. Arranged 

in the Different Subjects progressively, with Answers to all the 
Questions. Crown. 8yo. cloth, 6«. ^d. 

CAMBRIDGE SENATE-HOUSE PROBLEMS :— 

1848 — 1851. With Solutions by Febbess and Jackson. 15*. 6<f. 

1848 — 1851 (RiDEBs). With Solutions by Jameson. 7*. ^d. 

1854. With Solutions by Walton and Mackenzie. 10*. 6rf. 

1857. With Solutions by Campion and Walton. 8*. 6flf. 

BT BARNARD SMITH, M.A., 

Fellow of St, Peter's College, Cambridge, 

1. Arithmetic and Algebra, in their Principles and 

Application : containing numerous systematically arranged 

Examples, taken from the Cambridge Examination Papers. With 
especial reference to the ordinary Examination for B.A. Degree. 
Sixth Edition, revised and enlarged throughout. 

Crown 8\ro. (696 pages) strongly bound in cloth, 10*. 6rf. 

2. Arithmetic for the Use of Schools. New Edition. 

Crown 8vo. (347 pages) strongly bound in cloth, 4*. 6rf. 

3. A Key to Arithmetic for Schools. (290 pages) strongly 

bound in cloth, Ss, Qd, 

4. Mechanics and Hydrostatics in their Principles and 

Application : containing numerous systematically arranged 
Examples, taken from the Cambridge Examination Papers, with 
special reference to the ordinary B.A. Examination. [^Preparing. 

BT G. HALE PUGELE, M.A., 

Head Master of Windermere College, 

An Elementary Treatise on Conic Sections, and Alge- 
braic Geometry; with a numerous Collection of Easy 
Examples, progressively arranged. Second Edition, revised and 
enlarged. Crown 8vo. cloth, 7*. 6(?. 

" A better elementary booh on the Conic Sections and Analytical Geometry could 
not be put into the hands of the student y and we have no doubt thai U wiU 
command a wide circulation amongst all those teachers and instructors who ea* 
appreciaie its merits at a cIoM-boofc."— >'EaskQtiASB. IqiTibkil ov £h>ucATi0N. 
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By P. G. TAIT, M.A., FeUow 
of Mathematics in Queen's 
Fellow of St. Peter's Colle^ 

A Treatise on Dynamics 



BY S. PAB 

Fellow and Assistant Tutor 

An Elementaiy Treatise 

the Jonior Classes at the 
Schools. With a copious ( 



B7 J. B. ] 

Fellow of Clare 

Elementary Hydrostatics. 

Solutions. Second Edition. 



20 MATHEMATICAL GLASS-BOOKS, 

BT I. TODHUNTEB, MJL, 

Fellow and Auiitant Tutor of St. John's College, Cambridge, 

1. A Treatise on the Difierential Calculus. With 

numerous Examples. Second Edition. Grown 8vo. cloth, 10«. M, 

2. A Treatise on the Integral Calculus, and its 

Applications. With numerous Examples. 

Crown 870. cloth, 10*. 6d, 

3. A Treatise on Analytical Statics. With numerous 

Examples. Second Edition. 

Crown Svo. cloth, 10*. 6^. 

4. A Treatise on Plane Co-ordinate Geometry, 

«s applied to the Straight Line and the CONIC SECTIONS. 

With numerous Examples. Second Edition. 

Crown Svo. cloth, 10*. 6^. 

5. A Treatise on Algebra. For the use of Students in the 
Universities and in Schools. Crown Svo. cloth, 7s, ^d, 

6. Examples of Analytical Geometry of Three 
Dimensions. Crown 8vo. cloth, 4*. 



7. Plane Trigonometry. Eor Schools and Colleges. 

Crown Svo. cloth. 7*. M, 



BY W. P. WILSON, M.A., 

Profeuor of Mathematics in the University of Melbourne, 

A Treatise on Dynamics. 8vo. bds. 9*. 6rf. 
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an Introdnctiou, containing 
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D&AKE, M.A^ late FeUow c 

Demosthenes de Corona. 

By Bernabj) Drake, M.A.; 
bridge. 
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Fellow of Trinity College, < 
Inspectors of Scnools. 

** Admirably r^eteniwg both the i 



Thucydides, Book VI. T 

and a Map of Syracuse. ] 
"Fellow of St. John's Colleg 
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each 

Exercitationes lambicae. 

Iambic Verse. To which ai 
with copious Notes and 111 
HuMPHBEYs, LL.T)., Hej 
School. Second Edition, | 

A First Latin Construii 

Thring, M.A., Head Mi 
Uppingham, and formerly 



22 GREEK AND LATIN CLASS-BOOKS, 

BT J. WBI6HT, M.A., 

Of Trinity College, Cambridge, Head Matter of Sutton Coldfield Grammar School. 

1 . A Help to Latin Grammar. With Easy Exercises, both 

English and Latin, Questions, and Vocabulary. 

Crown 870. cloth, 4*. 6rf. 

" This book aims at hewing the learner to overstep the threshold diffimUties of the 
Latin Grammar ; and never was there a better aid offered alike to teacher and 
scholar in that arduous pass. The style is at once familiar and strikingly 
simple and lucid; and the explanations precisely hit the difficulties ^ and 
thoroughly explain them. It is exactly adapted for the instruction of children ; 
atid will, we prophecy, be the means of making many a good Latin scholar. 
The children who are early disgusted by heaps of rules which they cannot 
understand is legion. It is a great detriment to good instruction, and Mr, 
Wright deserves our best thanks or removing it. No child of moderate ec^a- 
city can fail to understand his gfammar, the study of which ought to precede 
that of every other. It will also much facilitate the acquirement of English 
Orammar.^^ — ^English Journal or Education. 

2. The Seven Kings of Rome. An easy Narrative, abridged 

from the First Book of Livy, by the omission of difficult passages, 
in order to serve as a First Latin Construing-book, with Gram- 
matical Notes and Lidex. Second Edition. Fcap. 8vo. cloth, 3*. 

** The Notes are abundant, explicit, and full of such grammatical and other infor- 
mation as boys require,** — Athen^um. 

3. A Vocabulary and Exercises on "The Seven 

Kings of Rome.'* Fcap. Svo. cloth, 2«. u, 

%* The Vocabulary may be obtained bound icp with "The Seven 

Kings op Rome," price 5*. 

4. Hellenica; or, a History of Greece in Greek, 

beginning with the Invasion of Xerxes ; as related by Diodorus 
and Thucydides. With Notes, Critical and Historical, and a 
Vocabulary, in order to serve as a First Greek Construing-book. 
Second Edition. 12 mo. cloth, 3*. 6rf. 

" The Notes are exactly of that illustrative and suggestive nature which the 
student at the commencement of his course most stands in need of, and which 
the scholar, who is also an experienced teacher^ alone can supply** — Educa- 
tional Times. 
Affood plan well executed" — Guardian. 
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By Edward Thbing, M.A., 
A New Edition, 

The Child's Grammar. : 

with Examples for Practice 
New Edition. 
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£if the sa't 

School Songs. A Collection 
Music arranged for Four Voi 
H. Biccius. Music size. 7 

C0N1 

Good Night.— 6^e6e?. 
Agnus Del 
Christmas Carol. 
Echoes op Uppingham. 
There is a Reaper, Death. 
Burial March of Dundee. — 

Aytown. 
England's Heroes. 
IvRY. — Lord Macaulay. 
The Red Cross Knight. 
Charge of the Light Brigade. — 

Termyson. 
Mat Song. — Hdlty. 
The Rockingham Match. 
Farewell, Thou Noble Wood. 
Come, Follow Me. 
Ho, Ho, Ho ! Stag and Rob. 
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24 RELiaiOUS CLASS-BOOKS. 

BELIGIOUS. 

History of the Christian Church, from Gregory the 
Great to the Reformation (a.d. 590-1600). 

By Chakles Habdwick, M.A., Christian Advocate in the 
"Diiiversity of Cambridge. Two Vols, crown 8?o. cloth, 21«. 

VoL I. History from Gregory the Great to the Excommunication of 

Luther. With Maps. 
Vol. II. History of the Reformation in the Church. 

Each Volume may be had separately, price lOs, 6d. 

History of the Book of Common Prayer ; with a Rationale 

of its Offices. By Francis Procter, M.A., Vicar of Witton. 
Norfolk, and late Eellow of St. Catherine's College. Third 
Edition, revised and enlarged. Crown 8vo. cloth, lOs. 6d, 

Notes for Lectures on Confirmation. With suitable 

Prayers. By C. J. Vaughan, D.D., Head Master of Harrow 
School. Fcap. 8vo. cloth, Is. Qd, 

The Catechiser's Manual ; or, The Church Catechism 

Illustrated and Explained. By Arthur Ramsay, M.A., 
of Trinity College, Cambridge. 18mo. cloth, 3*. 6d. 

Hand-Book to Butler's Analogy. With Notes. By c. A. 

SwAiNsoN, M.A., Principal of the Theological College and Pre- 
bendary of Chichester. Crown 8vo. 1*. 6rf. 

History of the Canon of the New Testament during 

the First Four Centuries. By Brooke Toss Westcott, 
M.A., Assistant Master of Harrow School ; late Fellow of Trinity 
College, Cambridge. Crown 8vo. cloth, 12«. 6flf. 

History of the Christian Church during the First 

Three Centuries, and the Reformation in England. By 
William Simpson, M.A., of Queen's College, Cambridge. 

Fcp. 8vo. cloth, 5*. 

Analysis of Paley's Evidences of Christianity, in the 

form of Question and Answer, with Examination Papers. By 
Charles H. Crosse, M.A., of Caius College, Cambridge. 

18mo. 3s. 6d. 

*' , a. CLAY, P&IMTXR, BREAD ST&KST HILL. 



